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L1 cam doan

Do an nay 1a két qua nghién cttu, tim hiéu cia toi duéi sy huéng dan
khoa hoc ctia ThS. Tran Ngoc Thang tai Vien Toan tng dung va Tin
hoc, Truong Pai Hoc Bach Khoa Ha Noi.

To6i xin hoan toan chiu trach nhiém va chap nhan moi hinh thic ky

luat da duge quy dinh vé noi dung do an nay.

Sinh vién: Dao Tudn Anh

Lép: Ky Su Tai Nang Toan Tin — Khoa 57



Danh muc ky hiéu va chi viét tat

Cac ky hiéu viét tat

P-qQ

PcaqQ
PCQ
[b, d]

(QMOP)
(QMP)

khong gian véc to n chieu

tap cac véc to khong am ctia khong gian véc to n chiéu
tap rong

phan ti ¢ thuoc tap Q

phan tit ¢ khong thuoc tap Q

v6i moi phan tt  thuoc tap Q

ton tai

gia tri tuyet doéi cia x € R”

chuan Euclide ctia véc to z € R”

bién cia mot tap Q)

tap tat ca cac diem cuc bien duéi cia

tap chuan dao compact Q

tich vo huéng cta hai véc to x va y

phan trong tuong doi clia tap Q

theé tich ctia tap Q C R

hop ciia hai tap hop P va @)

giao cua hai tap hop P va ()

hiéu ctia hai tap hgp P va Q)

tong véc to clia hai tap hop P, Q € R”, tiic la
P+Q={zx+ylzePyec@}

hiéu véc to cua hai tap hop P va @), tuc la
P-Q={r—y|lrePycqQ)

P 1a mot tap con thuc su cua @

P 1a mot tap con cua ()

Hop sinh béi hai dinh b,d € R”, duge dinh nghia nhu sau
b,d] ={x e R"|b<z<d}

bai toan quy hoach da muc tiéu tua 16i chat

bai toan quy hoach tich tira 16i chit



Xg tap tat ca cac nghiem hitu hieu ciia bai toan (QMOP)

XwE tap tat ca cac nghiém htu hiéu yéu cla
bai todn (QMOP)

Xy tap tat ca cac nghiém httu hiéu #-xap xi cta
bai toan (QMOP)

MinQ@ tap tat ca cac diém httu hieu cia tap Q

WMinQ tap tat ca cac diem hitu hieu yéu ctia tap Q
Min(Q,6) tap tat cd cac diém hitu hiéu #-xap xi cia tap Q
WMin(Q, #) tap tat ca cac diém hitu hieu yéu f-xap x{ ctia tap Q

Cac chit viét tat

v.d.k. viét tat ctia cum tit "véi dieu kien"

t.u. viét tat clia cum tit "tuong ng"



Loi mé dau

Quy hoach todn hoc 1a mot nganh toan hoc cé nhiéu tng dung trong
thuc té. Do nhu cau phat sinh & nhiéu linh vyc, nguoi ta phai xit 1y
bai todn t6i uu khong chi déi véi mot muc tiéu nao dé6 ma cung lic
nhiéu muc tiéu khac nhau. Quy hoach da muc tieu ra doi da dap dng
nhitng doi héi néu trén. T nhiing nén tang dau tien duge dat ra bdi
Pareto (1848 — 1923), viéc nghién citu cac bai toan quy hoach da muc
tieu da thu hut dugce nhiéu su quan tam nghién cttu, dic biét phat trién
manh mé tit nhitng nam 1950 trd lai day (xem [4], [5], [7], [14], [17], ...).
Céac két qua nghién citu nay da déng goép rat nhiéu vio su phat trién
clia nhiéu nganh khoa hoc, san xuat khac nhau va c¢6 nhiéu ting dung

rong rai trong cac linh vire nhu kinh té, tai chinh, tin hoc, nong nghiép,...

Bai toan t6i wu da muc tieu duge nghién ctiu trong do 4n nay 1a

Min f(x) = (fi(z), fo(@), ..., fp(2))"

MOP
v.dk zelX, Q )

trong d6 X C R" la mot tap 16i compact khac réng, f; : X — R,7 =
1,...,p,p>21acac ham sb tya 16i chat. Khi d6 X duge goi 1a tap chap
nhan dugc va f dudc goi la ham véc to muc tiéu. Do khong gian anh
c6 s6 chieu p > 2 nén né khong c6 thi tu day du, nghia 1a hai phan ti
thudc khong gian anh khong phai bao gio ciing so sanh duge véi nhau.
Vi vay, thay vi duge hieu theo nghia nghiém t6i wu thong thuong, ngudi
ta thuong st dung khai niém nghiém httu hiéu duge xac dinh theo tha
tu ting phan.

Do nhu cau tng dung thuc té, viec nghién ctu xay dung cac phuong
phéap giai hiéu qua cac bai todn quy hoach da muc tiéu noéi chung va
bai toan (QMOP) ndi rieng ludn 1a mot van dé phic tap duge dac biét
quan tam va doi nhiéu cong stc nghién ctu. Dic biét, mo hinh bai toan
(QMOP) véi 16p ham muc tiéu tya 16i chit da bao ham nhiéu bai toan



cu thé tng dung trong nhiéu linh vice. Tiéu biéu trong dé c6 thé ké dén
1a bai toan quy hoach da muc tiéu phan thtc 16i, trong d6 xem xét bai

h; .
toan (QMOP) trong trudng hop f; = —,i =1,...,p, véi mdi h; 1a ham
16i khong am va moéi ¢; 14 ham 16m duong. Lép ham nay bao ham nhiéu

bai toan kho thuong giap phai & nhiéu linh virc nhu ké toan, quyét dinh
gid, toi uu dau tu trai phiéu... (xem [11]).

Ngay cé trong truong hop don gidn nhat khi f; 1a cac ham tuyén tinh,
tap nghiém hitu hieu Xz va tap nghiém hitu hieu yéu Xy g ctia bai toan
(QMOP) néi chung 1a tap khong 16i va c6 cau tric phiic tap. Hon nita,
khoi lugng tinh toan can thiét dé tim duge X g hodic Xy g bung nd nhanh
khi kich thudc ctia bai todn (bao gom s6 chiéu khong gian quyét dinh,

s6 chiéu khong gian anh va s6 lugng rang budc) tang len [5].

Vi Iy do nay, viéc gidi bai toan (QMOP) theo hudng tiép can trén
khong gian quyét dinh, néi cach khac 1a viéc xac dinh mot phan hoic
toan bo tap nghiém hitu hieu Xz hodc tap nghiém hittu hieu yéu Xy g
tré nén rat khoé khan. Do d6, nhiéu thuat toan duge dé xuat theo huéng
tiép can trén khong gian anh, c6 nghia 1a tim mot phan hodc toan bo tap
anh httu hieu Yr = f(Xg) hoac tap anh hitu hicu yéu Yivg = f(Xwe).
Uu diém ctia phuong phap tiép can nay bao gom ba diém chinh (xem
[5]). Thit nhat, khong gian anh Yz va Yy g thudng c¢6 cau tric don gian
hon khong gian quyét dinh Xz va Xyg. Khoi lugng tinh toan can xt 1y
trén khong gian anh dé tim ra Yz va Yiyp tit d6 sé nhe nhang hon. Thit
hai, trong thuec té, nguoi dua ra quyét dinh (decision maker) thuong lya
chon nghiém chii yéu dya trén khong gian 4nh hon 1a trén khong gian
quyét dinh. Thit ba, nhiéu diém trén khong gian quyét dinh c6 thé cho
cing mot anh trén khong gian dnh. Do vay, viéc tiép can trén khong
gian anh c6 thé tranh duge nhiéu tinh toan du thia.

Viéc giai bai toan quy hoach da muc tieu (QMOP) v6i ham muc tiéu
f tua 16i chat duge coi 1a kho khan. Diéu nay la do: i) Tap anh hitu
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hi¢u va hitu hi¢u yéu ctia bai toan (QMOP) 1a tap khong lien thong; ii)
Ngay ca viec xac dinh mot diém hitu hiéu hay hitu hiéu yéu ciing rat
khé khan (xem [7]). Dé gidi quyét nhiing kho khan nay, thay vi lam viéc
v6i tap anh Y, ching toi nghién cttu mot tap hitu hiéu tuong duong Y+
v6i nhitng tinh chat t6t hon nhu 1a tap chuan, c6 thit nguyen day du,
tap hitu hieu yéu ctia n6 13 tap lien thong,... Them vao do, viéc xac dinh
mot diém hitu hiéu yéu ciing dude chuyén vé mot bai toan téi wu mot
muc tieu cuc tieu ham tua 16i chit trén tap 16i compact va duge giai mot

cach hieu qua bang cach cong cu ciia quy hoach 16i.

Bai toan quy hoach tich tuya 16i chat 1& bai toan t6i uu toan cuc co
lien quan chit ché dén Bai toan (QMOP), duge phat biéu nhu sau

min [ [ fi(z)  vdk z€X, (QMP)
j=1

trong d6 X va f; dugce cho nhu ¢ Bai toan (QMOP).

Day 13 mot 16p bai toan téi uu toan cuc khé va tha vi nén da thu
hit sy quan tam nghién ctiu dic biét. Bai toan ndy c6 nhiéu ting dung
quan trong trong cac linh vitc khac nhau nhu kinh té tai chinh, t6i uu
héa quy trinh san xuat, t6i uu danh muc dau tu, thiét ké chip VLSI,. ...
Day la bai toan NP-kho, ngay ca trong truong hop p = 2, f1, fo la cac
ham tuyén tinh va X 1a mot tap 10i da dién khac rong. Hién tai da c6
kha nhiéu cac giai thuat dé gidi bai toan (QMP). Tuy nhién, hau hét
trong s6 d6 chi xét truong hop X 14 mot tap 16i da dién va ham muc
tieu trong do f; 1a tuyén tinh, mot s6 khac xit 1y v6i bai todn ham muc
tieu 1a ham 16i. Cho dén thoi diém hién tai, c6 kha it cong trinh duge
xay dung dé giai trong trudng hop ham muc tiéu 1a phi tuyén. Chuong
4 s& dé xuat mot k¥ thuat xap xi ngoai nhu 14 mot tng dung ciia thuat
toan Solve(QMOP) dé giai bai toan (QMP) néu trén.



Muc dich ctia d6 an nay 1a nghién cttu bai toan quy hoach da muc
tieu tya 161 chat (QMOP), cling véi bai toan t6i wu toan cuc quan trong
lien quan gan giii v6i bai toan (QMOP) 1a bai todn quy hoach tich va dé
xuat cac thuat toan mdi gidi cac bai toan nay. Véi doi hoi clia ting dung
thyc té, viec nghién ciu va xay dung cac thuat toan nhim giai cac bai
toan néi trén mot cach hieu qua luon 1a van dé thoi sy va doi hoéi nhicu

thoi gian cong stc.

No6i dung chinh ctia do an dugce chia lam bén chuong, cu thé nhu sau

o Chuong 1. Mot sbé khdi niém va két qud co ban. Chuong nay
trinh bay mot s6 khai niém co sé phuc vu cho viéc xay dung noi
dung nhitng chuong tiép theo. Dau tién, Muc 1.1 trinh bay vé ham
tua 101, ham tya 16m, ciing nhiéu vi du minh hoa va tinh chat quan
trong. Day 1a hai 16p ham kha quen thuoc trong cac 16p ham 1oi
suy rong. Tiép theo, Muc 1.2 gi6i thiéu khai niém ham tuya 10i chat
ciing mot s6 tinh chat hitu ich ctia né. Day 1& 16p ham bao quat
kha rong, 13 16p ham 161 suy rong 16n nhat van gitt duge tinh chat
mot nghiem cuc tiéu dia phuong cling 14 nghiém téi wu toan cuc.
Dac biet, Muc 1.2 nay con dé cap dén 16p ham phan thtc, mot
truong hop riéng ciia 16p ham tya 16i chat va c6 nhiéu tdng dung
trong thuc té. Cac khai niem vé tap chuan, tap chuan dao, da hop,
da hop ddo dudgc trinh bay 6 Muc 1.3 cing nhiéu tinh chéat tha vi

lién quan.

o Chuong 2. Bai todn quy hoach da muc tiéu twa loi chdt
(QMOP). Muc dich ctia chuong nay la: i) Xem xét mot vi du
trong thuc té can gidi quyét bai toan quy hoach da muc tiéu tua
16i chiit. Cu theé trong Muc 2.1 ¢6 dwa ra mot vi du vé mo hinh t6i
wu danh muc dau tu trai phiéu duge dé xuat bdi [11]; ii) Gidi thigu
mo hinh toan hoc ctia bai toan quy hoach da muc tiéu tua 16i chat
(QMOP) cuing mot s6 khai niem va két qua co ban lién quan, quan

trong trong dé bao gom cac dinh nghia vé diém hitu hiéu, diém



hitu hiéu yéu, diem hitu hiéu yéu xap xi cia mot tap, ciing nhu
nghiém hitu hiéu, nghiém hitu hiéu yéu ctia bai toan (QMOP); iii)
Muc 2.3 dua ra diéu kién nhan biét cac nghiém hitu hiéu, nghiém
hitu higu yéu ctia bai toan (QMOP); iv) Muc 2.4 nghién cttu cau
tric tap gia tri hitu hieu va tap gia tri hitu hiéu yéu trén tap anh

cluia bai todn nodi trén.

o Chuong 3. Thudt toan xdp xi gidi bai todn (QMOP). Chuong
nay dé xuat mot thuat todn xap xi ngoai Solve(QMOP) giai bai
toan quy hoach da muc tiéu tya 16i chat (QMOP) sit dung da hop
dao trén khong gian anh dé xac dinh tap nghiém hitu hieu yéu
6-xap xi clia bai toan (QMOP). Viéc xay dung co s6 1y thuyét cla
thuat toan va phuong phap sinh cac diém httu hiéu trén tap anh
ducc dua ra 6 Muc 3.1. Muc 3.2 trinh bay chi tiét thuat toan dudc
dé xuat dé giai bai toan (QMOP). Tinh chat hoi tu clia thuat toan
nay duge ching minh ¢ Muc 3.3. Dé chiitng minh tinh hiéu qua
clia thuat toan dugc dé xuat, Muc 3.4 dua ra nhiéu tinh toan thi
nghie¢m gidi s6 cac bai todn (QMOP) cu thé.

o Chuong 4. Bai todn quy hoach tich twa 16i chat. Trong chuong
nay, ching toi nghién cttu bai toan quy hoach tich cidc ham tya 16i
chit trén tap loi (QMP) va dé xuat thuat toan véi ky thuat xap
xi ngoai bang da hop dio dé giai mot bai toan tuong ing (QMPy)
trén khong gian anh. Thuat toan nay dudc xay dung dira vao moi
quan hé gitta nghiém t6i wu ctia bai toan (QMPy ) va tap gia tri hitu
hieu yéu Yy g ctia bai toan (QMOP). Khi thuat toan két thuc, ta
nhan dugc nghiem t6i wu clia ca hai bai todn (QMP) va (QMPy).
Tiép theo, tinh hoi tu ctia thuat toan dugc chiing minh. Mot vi
du s6 tinh toan thit nghiém dugc trinh bay qua ting budc nham

minh hoa tinh hiéu qua cta thuat toan.

Céac thit nghiém tinh toan trong do an nay dudc cai dat trén laptop
Macbook Pro 2016 2GHz Intel Core i5, RAM 8 GB, cac thuat toan dugc
viét tréen Matlab R2016a.
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D6 4an dugce hoan thanh dudi sy huéng dan ciia ThS. Tran Ngoc Thing
tai Viéen Toan tng dung va Tin hoc, Truong Dai Hoc Bach Khoa Ha Noi.
Mic du da né lyc hét stc, tuy nhién trong khodng thoi gian cho phép,
viéc nghién citu va trinh bay khong thé tranh khéi nham 1an thiéu sot,
t6i mong nhan dudc su gitp dé dong gép clia thay co va ban be dé do
an dugdc hoan thién hon.

Hé Noi, ngay 07/06/2017
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LG1i cam on

Toi xin bay t6 long biét on chan thanh t6i ThS. Tran Ngoc Thiang da
tan tinh huéng dan va nghiém khac chi bdo trong sudt qua trinh thuec
hién do an nay, ciing dong thoi 14 nguoi gitup toi nhan ra va ting them

niem dam mé trong nghién citu khoa hoc.

Toi xin cdm on nhing nhan xét va gép y quy bau cia PGS. TS.
Nguyén Thi Bach Kim trong qué trinh thuc hién do an.

Toi cAm on Vién Toan tng dung va Tin hoc da tao moi diéu kién
thuan 1oi trong qué trinh hoc tap. CaAm on cac thay co, gia dinh va ban

be da dong vien khich lé giap toi hoan thanh do an nay.

Sinh vién: Dao Tuan Anh
Lép: Ky Su Tai Nang Toan Tin — Khoa 57
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Chuong 1
Mot s6 khai niém va két
qua co ban

Chuong nay ctia do an trinh bay céc khai niem quan trong va mot so két
qué lién quan, nham phuc vu cho viéc xay dung cac 1y thuyét va thuat
toan ¢ nhiing chuong sau. Cu thé, Muc 1.1 va 1.2 gidi thieu mot sb 16p
ham sé dudc st dung trong do an va mot s6 tinh chat ctia n6. Céac khai
niém vé tap chuan, tap chuan dao, da hop, da hop dao dugc trinh bay &
Muc 1.3.

1.1 Ham tua 16i vA ham tua l6m

Dinh nghia 1.1. (Xem [16], tr. 132) Xét tap 16i S C R”. Khi d6, ham
s6 lien tuc h duge goi 1a ham tya 67 (quasiconver) xac dinh trén S khi
va chi khi véi moi ', 22 € Sva 0 <\ <1, taco
h(zt) — h(2?) < 0= h(Ax' + (1 — \)2?) < h(a?),
hay
h(Az! + (1 — N)2?) < max{h(z'), h(2?)}.
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Ham s6 lién tuc g duge goi 1a ham tya lom (quasiconcave) xac dinh trén
S khi va chi khi —¢g 1a ham tya 16i trén S. Theo dinh nghia nay, ta cling
c6 ¢ 1a ham tya 10m néu né théa man

g(A' + (1= N)a?) > min{g(a"), g(z°)}.

Dinh nghia 1.2. (Xem [1], tr. 289) V6i m6i s6 thuc « € R, ta goi
Lo(h) ={zx eS| h(z) <a}
la tap mic dudi cia ham h va
L*h) :={z €S| h(z)>a}

la tap mic trén cha ham h.

Dinh 1y 1.1. (Xem Dinh Iy 9.1.3/16], tr. 133) Xét h la mot ham so trén
mot tap 101 X C R™. Khi dé:

i) h la ham tua loi trén S khi va chi khi tap maic dudi Lo(h) la tap

[01 vdi moi o € R;

i) h la ham tua lom trén S khi va chi khi tap mic trén L*(h) la tap

loi vdi moi o € R.

Vi du 1.1. Xét ham s6

trén tap so thuc R.

Dé thay moi tap mic dudi L,(h) ctia h(z) déu la tap 16i (xem Hinh

1.1) nén A(x) 1a ham tya 1oi trén R.

14



Hinh 1.1: Do thi ctia ham s6 h(z) = \/|z| trén tap s6 thuc R.

Vi du 1.2. Xét ham s6

h(z,y) = -y
xac dinh tréen S = {(z,y) € R? | z,y > 0}.

Hinh 1.2: D6 thi ctia ham s6 h(z,y) = —xy tren [0, 102

Véi o bat ky thuoc R ta c6 tap mic dudi cua h
Lo(h) ={(z,y) € S| —zy < a} ={(z,y) € R? | z,y > 0,2y > —a}

15



1a tap 16i. Vi vay, h(z,y) = —zy 1a mot ham tya 16i trén S.

Vi du 1.3. Xét ham s6
h(a,y) = xy + 2y + 2%y’
xac dinh tren S = {(z,y) € R* | x,y > 0}.

Dat g(t) =t +t* + * va u(z,y) = zy thi h(z,y) = g(u(z,y)).
Tu Vi du 1.2, ta ¢6 —zy 13 ham tya 16i nén u(x,y) = zy 1a ham tya
16m. Do g la ham khong giam va v la ham tiyra 16m trén S nén A la mot

ham tya 1om tréen S (xem [2], tr. 57).

Hinh 1.3: Do thi ctia ham s6 h(z,y) = vy + 2%y* + 23y> trén [0, 1)%

Vi du 1.4. Xét ham h(x) = 2° trén tap s6 thuc R.

16



D& thay v6i moi a € R ta c6 Ly(h) = {zr e R |23 < a} = (—o0, Ja |
va LYh) = {z e R| 2* > a} = [, +o0) déu la nhitng tap 16i. Do vay,
h(z) = 2 vita 13 ham tya 16i, vita 1a ham tya 16m. Vé mat hinh hoc, ta

cling thay diéu nay ro rang trén Hinh 1.4.

100

50
=60
=100

Hinh 1.4: Do thi clia ham s6 h(z) = 23 trén doan [—5, 5].

1.2 Ham tua 16i chit vA ham phan thic 16i

Dinh nghia 1.3. (Xem [16], tr. 137) Xét tap 1oi S € R"™. Khi d6 ham sb
lien tuc h : S — R dugc goi 1a mot ham tya loi chit (strictly quasiconvex)
khi va chi khi v6i moi z!,22 € Sva 0 < X < 1, ta co
h(z') — h(2?) < 0= h(Az' + (1 — N)z?) < h(2?).
Nhan xét sau day chi ra moi lien hée gitta khai niém tya 10i va khai

niém tua 10i chit.

Nhan xét.

i) Ham s6 h trong Dinh nghia 1.1 dugc goi 1a mot ham tya 161 chit
khi cac bat dang thic trong Dinh nghia 1.1 khong xay ra dau "="
(nhu trong Dinh nghia 1.3).
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ii) Cho h la mot ham tiya 16i xac dinh trén S.

Khi d6, h 1a tua 16i chat trén S néu véi moi z!, 2% € S, khong ton
1,2

tai * ndo nam trong doan néi z', 2° sao cho
h(z*) = max{h(z'), h(z?)}.
Nghia 1a khong ton tai Ag € (0, 1) ndo thoa man
h(Moz' + (1 = Xg)z?) = max{h(z'), h(z?)}.

T nhan xét nay ta thay cac ham s6 trong Vidu 1.1, Vidu 1.2, Vi du

1.3, Vi du 1.4 déu la cidc ham tua 16i chat. Ménh dé sau day chi ra moi
quan hé bao ham gitta hai 16p ham tya 16i chit va tua 16i.
Meénh dé 1.1. (Xem [16], tr. 139) Xét h la mot ham so duge dinh nghia
trén tap loi S C R™. Néu h la ham tua loi chat trén S, thi h la tua loi
tren S. Tuy nhién, nguoc lai néu h la mot ham tua 107 trén S thi chua
chdc no da la ham tua loi chat trén S.

Vi du sau day chi ra mot ham 1a tua 10i nhung khong tua 10i chit.
Vi du 1.5. Xét ham s6 sau

h(z) = min{|z|, 1}

xac dinh trén R.

Dé thay moi tap mitc dudi cia h(x) déu la tap 16i nén né 14 ham
tuya 16i. Tuy nhién ta chi ra dudc véi zg; = 0,200 = 2, A9 = 0.5 thi
h(.fl?og) > h(.fl?()l) va h()\ox()l + (1 — /\0)%02) = h(x()g). Nhu vay h(x) G vi

du nay 1& ham tya 16i nhung khong tira 10i chit.

Do thi ctia h(z) duge minh hoa ¢ Hinh 1.5 duéi day.
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Hinh 1.5: Do thi clia ham s6 h(z) = min{|z|, 1} trén doan [—2,2].

Meénh dé 1.2. (Xem [2], Bing 5.4, Bdng 5.5 tr. 165) Xét hai ham so
f, g zdc dinh trén tap loi khdc rong S C R™.

i) Néu h la ham 1oi, g la ham lom trén S théa man h(z) > 0 va

h .
g(x) >0 vdi moi x € S thi f = — la mot ham twa loi chat trén S;
g

i) Néu h la ham loi, g la ham affine trén S va g(x) # 0 vdi moix € S

h .
thi f = — la mot ham tua loi chat trén S,
g

) h
iii) Néu h,g la hai ham affine va g # 0 vdi moi x € S thi f = — la
g
mot ham via tua 107 chat, via tua lom chat trén S.

Ham s6 f dugce dinh nghia 6 Ménh dé 1.2 i) dugde goi 1a mot ham phan
thiic 161 trén S. Ham s6 f dugce dinh nghia 6 Ménh dé 1.2 ii) dugc goi la
moOt ham phan thic tuyén tinh trén S.
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Nhan xét. Trong Ménh dé 1.2, chon g = 1. Khi d6, ham f ciing 1
ham tua 106i chat. Nhu vay, moi ham 16i déu 14 ham tuya 16i chat. Hinh
1.6 minh hoa céc mdi quan hé bao ham giita ham 16i, ham tua 16i chit

va ham tua 16i.

Tua [6i chat

Hinh 1.6: Quan hé bao ham gitta cic tinh chat 16i, tira 161 chit va tya 16i

. 3r — 2
Vi du 1.6. Xét ham s6 h(x,y) = x—erB xac dinh trén S = {(z,y) €
Yy

- _
R? | A x (z,y)T < b}, trong d6

( 1—2\ [ 2)
1 -2 —2

\1oo) L)

T Meénh dé 1.2, ta suy ra ham s6 trén 14 mot ham vita tua 16i chit

vua tua 1o6m chat trén S.

Nhu da biét, tong ctia hai ham 16i 14 mot ham 16i nhung téng clia cac
ham tya 161 (t.u., tya 16i chit) thi chua chdc da 1a mot ham tya 16i (t.u.,
tua 101 chit) (xem [16]). Tuy nhién, v6i f va ¢ 1a hai ham tya 16i chit,
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no6 van gitt duge tinh chat max{f, g} cing 1a mot ham tya 16i chit. Diéu
nay duge ching minh & Bo dé 1.3 tiép theo.

Meénh dé 1.3. (Xem [16]) Cho hai ham s6 h va g zdc dinh trén tap 10
khac rong S C R™. Néu h va g la hai ham tva 101 chat thh max{h, g}

ciing la ham tua loi chat trén S.

Chiing manh. Gid st h va g 1a hai ham tua 16i chat trén S. Dat f =
max{h,g}.
Xét z,y € S sao cho f(x) < f(y). Khi d6, v6i mdi A bat ky thuoc
khoang (0, 1), ta c6
fz+ (1= XNy)

max{h(Ar 4+ (1 = N)y),g(Az + (1 = N)y)}

< max{max{h(z), h(y)}, max{g(x),g9(y)}}
max{h(z), h(y), 9(x), 9(y)}

max{max{h(x), g(x)},

= max{f(z), f(y)} = f(y).

Vi vay, f = max{h, g} ciing 1a mot ham tya 16i chit tren S. O

Dinh 1y 1.2. (Xem [16], tr. 139) Xét h la mot ham tua loi chdt wdc
dinh trén tap 101 X CR". Néuz € X la mot cuc tieu dia phuong thi no

cung la cuc tiéu toan cuc cua h trén X.

Dinh nghia 1.4. Mot ham véc to f = (f1, fo, ..., f,)7, fi + X — R dugc
goi 1a mot ham véc to loi (tuong ing', tua 103, tya 1oi chdt) trén X khi
va chi khi ting thanh phan f; 1a ham 161 (t.u., tya 101, tya 161 chit) trén
X,i=1,...,p

T day trd di clia do an, cum tit "tuong dng" sé dude viét tit 1a "t.u.".
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1.3 Tap chuan va da hop

Dinh nghia 1.5. (Xem [19], tr. 467) Mot tap Q C R duge goi 1a mot

tap chuan (normal set) néu véi moi ¢ € RY, ta c6
¢€Q=(¢—RL)NRL CQ.

Vi du 1.7. Tt dinh nghia trén ta thay (0, {0}, RE déu la cdc tap chuan.

Hinh 1.7 1a mot vi du khac vé tap chuan trong trusng hop hai chiéu.

B i T T TP
1
1
1
1
-4

e, —,——

oo e=d!

(0, 0)

Hinh 1.7: Mot tap chuan trong trudng hgp hai chiéu (duge minh hoa bing phan mau

cém).

Ménh dé 1.4. (Xem [19], tr. 467) Néu Q la mot tap chuan thy QU {q €

RY | ¢; =0,i € {1,...,p} nao dé} ciing la mot tap chuan.

Dinh nghia 1.6. (Xem [19], tr. 468) Mot tap Q C R dugc goi 1a mot

tap chuan ddo (reverse normal set) néu v6i moi ¢ € RE ) ta c6
¢€Q=q+RLCQ.
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Cho 0 < d, Q C [0,d] dugc goi 1a mot tap chuan dio trong hop [0, d]
néu véi moi ¢ € [0,d], ta c6
€Q=(¢+R)N(d-RE) CQ.

Hinh 1.8(a) 1& vi du minh hoa cho mot tap chuan dao trong trudng
hop hai chiéu.

Meénh dé 1.5. (Xem [19], tr. 467) Cho cdc tdp chuan (t.u., tdp chuan
dio) Q1,Q2,...,Qm. Khi do, Q1UQ2U---UQp va Q1NQ2N---NQy,
ciing la cdc tap chuan (t.u., tap chudan dao).
Dinh nghia 1.7. (Xem [18], tr. 279, [19], tr. 467) Cho mdt tap @ C RP.
Ta goi tap
NQ) = QRN
(tat, NI(Q) = (Q + RL) 1 (d — BL))
14 bao chuan (normal hull) ctia Q (t.u., bao chudn ddo (reverse normal

hull) ctia tap chuan ddo @ trong hop [0, d]).

Khi do6, N7(Q) 1a tap chuan d4o nhé nhét chita Q trong hop [0, d).

Dinh nghia 1.8. (Xem [18], tr. 279) Mot diém ¢ € R? dudc goi 1a mot
diem cuc bien dudi (lower extreme point) clia tap chuan ddo compact
Q C RE néu véi méi ¢ € Q
¢ <q=qd=q
Tap tat ca cac diém bién cyc dudi ctia Q dude ky hieu 1a EX(Q).

Dinh ly 1.3. (Xem [18], tr. 281) Cho f(x) la mot ham tang trén tap
compact Q. Khi dé, gia tri cuc tiéu cia ham f(x) trén Q bang gid tri cuc
tiéu cla ndé trén N} (Q). Hon nita, gia tri cuc dai do dat tai mot diém
cuc bien dudi cia NJ(Q).
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Hinh 1.8: Minh hoa tap chuan déo va da hop dao

L : : ’ d L d
! : J

b | | | | b

(a) Mot tap chuan dao trong trudng hop hai

-~ (b) Mot da hop déo trong trusng hgp hai chiéu
chieu

Dinh nghia 1.9. (Xem [19], tr. 472) Mot tap B C R? duge goi 1a mot
da hop (t.u., da hop ddo) trong hop [a,b] C R? néu né 1a hop cia cac
hop |[a, 2] (t.u., [2,0]), trong d6 z € T va T la mot tap hitu han cac dinh
thuoc [a, b].

Khi d6 ta goi T 1a tap dinh ctia da hop (t.u., da hop ddo) B. Ta cling
néi da hop (t.uw., da hop dédo) B duge sinh ra béi T

Hinh 1.8(b) 1a m&t vi du ctia da hop déo trong hop [b, d] trong truong
hop hai chiéu.
Dinh nghia 1.10. (Xem [19], tr. 472) Mot dinh z € T duge goi 1a
mot dinh chinh quy ctia da hop (t.u., da hop ddo) B néu khong ton tai
2 €T,2 # zsao cho 2/ > z (tar, 2/ < z). Hién nhién, mot dinh 2 € T
dugce goi la khong chinh gquy khi né khong 1a dinh chinh quy.

O vi du minh hoa trong Hinh 1.8(b), cac dinh mau dé 1a cac diém

chinh quy, cac dinh mau vang la cac dinh khong chinh quy.
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Ménh dé 1.6. (Xem [19], tr. 472) Mot da hop hodc mot da hop ddo

dugc hoan toan xac dinh boi cac dinh chinh quy cia no.

Dinh ly 1.4. (Xem [19], tr. 472) Cho f(x) la mot ham khong gidm zdc
dinh trén da hop (t.w., da hop ddo) B. Khi dé, f(x) dat gid tri cuc dai

(t.ar., cuc tiéu) tai mot dinh chinh quy nao dé cia B.

Meénh dé 1.7. (Xem [19], tr. 472) Moi da hop déu dong va la tap chudn.

Giao ctua mot so6 hitu han cdac da hop la mot da hop.

Meénh dé sau day chi ra cach xac dinh cidc dinh méi clia mot da hop
d4o bang ky thuat cit da hop ddo dugc gidi thieu & [18].
Meénh dé 1.8. (Xem [18], tr. 284) Xét da hop ddo [v,d] trong hop
[b,d] C R? va mot diem w théa man v < w < d. Khi dé, tap Q =
[v,d]\ (w—intRY) la mot da hop dao cé tap dinh duge xdic dinh nhu sau
Zd=v4 (w; —v)e', i=1,...,p,

trong do e la véc to don vi trong khong gian RP.

A d

b >

Hinh 1.9: Minh hoa cho Ménh dé 1.8 trong truong hop p = 2.
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Ménh dé 1.9. (Xem [18], tr. 283) C6 thé zdp xi mot tap chuan (t.u.,
tap chuan dao) bang mot da hop (t.a., da hop ddo) vdi mot sai s6 nho
bat ky.

Két luan. Cac két qua ctia tap chuan va da hop dao sé duge sit dung
dé thiét lap va chiing minh tinh hdi tu ctia thuat todn xap xi ngoai bang

da hop dao dé giai bai toan quy hoach da muc tiéu tua 16i chat dugc
trinh bay ¢ Chuong 3.
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Chuong 2

Bai toan quy hoach da
muc tiéu tua 16i chit

(QMOP)

Trong chuong nay, dau tien & Muc 2.1 ta xem xét mot s6 vi du thuc té
ctia bai toan quy hoach da muc tieu tya 16i chat (QMOP). Mo hinh toan
hoc ciia bai todn nay ciing mot s6 khai niém quan trong vé diem hitu
hiéu, diém hitu hiéu yéu, diém hitu hiéu yéu xap xi ctia mot tap, ciing
nhu nghiém hitu hiéu, nghiem hitu hiéu yéu, nghiém httu hieu yéu xap
xi duge gidi thieu 6 Muc 2.2. Muc 2.3 trinh bay vé diéu kién httu hieu
ctia mot diem trén khong gian quyét dinh. Cudi cting, 6 Muc 2.4, chiing

toi khao sat cau tric tap nghiém ciia bai toan (QMOP).

2.1 Vi du minh hoa

Trong nhiéu linh viyc nghién ctu khac nhau, ngudi ta da gap phai cac
bai toan to6i wu da muc tiéu v6i ham muc tiéu phic tap. O muc nay, ta

xem xét mot vi du trong thuc té vé mo hinh t6i wu quy hoach da muc
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tieu tua 16i chat. Vi du minh hoa 14 mot mo hinh toan tai chinh t6i wu
dau tu da muc tiéu véi cdc ham muc tiéu dang phan thiec 16i (Xem [11]).
Tai thoi diém do, tac gia chua thé tim dude nghiém téi wu toan cuc cho

bai toan nay ngay ca trong truong hgp chi ¢6 hai ham muc tiéu.

Vi du 2.1. Vi du nay nghién citu mot mo hinh dau tu trai phiéu da
duge dé xuat va ap dung doéi véi thi truong Nhat Ban. N6i mot cach
ngan gon, trdi phiéu (bond) thyc chat 1a mot khoan vay c6 ky han, trong
d6 nha dau tu trai phiéu (c6 thé 1a c4 nhan hoac to chiic) cho nha phat
hanh trai phiéu (c6 thé 1a chinh phti hodc doanh nghiép) vay. Khi dén
ky han thanh toan, nha phat hanh trai phiéu phai hoan tra khoan vay

nay (c6 lai suat) cho nha dau tu.

Ta dinh nghia bén tham sé dac trung cho méi loai trai phiéu nhu sau:
¢; —lai suat c¢o dinh ctia mot trai phiéu loai j (dong/trai phiéu/nam);

f; — gid tri duge boi hoan cua trai phiéu loai j khi dén ky han

thanh toan (dong/trai phiéu);
p; — gid thi truong ban ra clia trai phiéu loai j (dong/trai phiéu);

t; — k¥ han thanh todn cta trai phiéu loai j (s6 ndm dén khi dugc

lay gia tri boi hoan).

Gia st tai thoi diém giao dich, nha dau tu dang ndm gitt u; don vi co
phiéu loai B;,j =1,..., N. Trong d6, nha dau tu chon loc theo tiéu chi
nao do n; loai dé ban. Dong thsi gia st trén thi truong, nha dau tu cé
thé mua duge t6éi da Uy, don vi trai phiéu By, k = 1,...,ny. Khi do, ta

dinh nghia mot s6 bién nhu sau:
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x; — s0 lugng trai phiéu B; nha dau tu sé bén;
X, — 80 lugng trai phiéu Bj nha dau tu sé mua;
y; — gid ma nha dau tu ban ban mot don vi trai phiéu loai By;
Y; — gid ma nha dau tu mua mot don vi trai phiéu loai By;
P;j — gia thi trudng mua vao cla trai phiéu loai j;
pjo — gid tri s6 sach (book value) ctia trai phiéu loai B;.
Va dat
Vi = 2 1a loi suat truc tiép;

Di

ci + (fi —pi) /i
Di '

Wi =

T nhitng bién duge dinh nghia trén ta c6 thé rat ra mot vai rang
buoc trong thuc té, chang han x; < wj,j=1,...,n1; (1 = X\)p; < y; <
(IT4+XN)pj.i=1,....n1;5 (1 = A)P <Y < (14 X,)P.Trong do, A, 1a
mot s6 duong nhé (thuong nhé hon 0.02 duge goi 1a he s6 diéu chinh gia
clia mot loai trai phiéu. Trong trudng hop u; = 0, véi moi j = 1,...,ny,
giao dich tuong tng dudc goi la giao dich chi mua vao. Tuong tu trong
truong hop U, = 0,k = 1,...,ny, giao dich tuwong tng dugc goi la giao

dich chi ban ra.

Ta dinh nghia mot s6 chi s6 cia mo6 hinh nhu sau:
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(i) Tong s6 lugng trai phiéu ctia nha dau tu sau khi giao dich
N ny n2
S S SRS
j=1 j=1 k=1
(i) Tong gia tri clia lugng trai phiéu do tinh theo gia thi truong
N ny 2
S$1=2 b= D piwi+ ) PiXi
j=1 j=1 k=1
(iii) Ky han thanh toan trung binh

Syt — YO0 i 4 Yo Th X
So ’

21 =

(iv) Lgi suat tric tiép trung binh

N
Y — D1 iPl; — Z’}‘Ll Vi + Do L'y Pe X
2 T )

Si

(v) Loi suat trung binh t6i han
N
. D j1 Mipstiug — Z] Lpitic + > ot 1 Pl X
3= 7

S2

N ni ng
SQ = ijtjuj — ijtjxj - Z PkaXk,
j=1 j=1 k=1
(vi) Chi s6 bién thién gia trung binh

N
> Ty — Yl w4 )t m X
So ’

trong do6

24 =

(vii) Tong gia tri thanh toan
ny )
=)y = ) Vi
j=1 k=1

Muc dich ctia viéc t6i uwu dau tu nay 1a xac dinh duge s6 luong trai
phiéu can ban va mua véi mdi loai trai phiéu, véi mong muébn cuc tiéu
ky han thanh toan trung binh v sy bién thién vé gid, cling dong thoi
cuc dai loi suat truc tiép trung binh va loi suat trung binh téi han. Mo
hinh phai dap tng mot s6 rang budc, vi du nhu tong gia tri trai phiéu

sé hitu luon 16n hon mot luong a nao dé, hodc tong gia tri thanh toan
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cua ky giao dich dé phai 16n hon mot lugng 5 nao dé. Trong doé, cac chi
s6 o va (B 1a do nguoi dau tu trai phiéu quyét dinh. Khi d6, ta c6 mo
hinh toan hoc nhu sau
Max —z1, 29,23, —24
v.d.k. 51> a,

z5 > 3,

0 < z; <wy,

0 < X <U.

Dé tien theo doi, ta dat

© Po= Z;\; Ujs

©p1= Zjvzl tiwg + > 320 TXi;

o pa =350, pitjuy — py BT X;

o q =30 tyuy + 2ok, TiXo;

o @ = Y30, vy + gt Tk PeXis

o g3 = D5y ity + Dopty i BT X
o qu =00 g+ Y2 m Xy

S N =ni+ Na;

O Tpy4j VA Yn,4; tuong tng l1a cdc thanh phan cia X va Yi, k =

1,...,712.

Khi d6, mo hinh duogc viét lai thanh:
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Zm t’Zlfj — 1

Max 2z = 5
Z] 1.17] Z] n1—|—1 _pO
Z] 1 ViPiT; + G2
29 = s
= 2L piT; + P
Z] L Pt + g3
3 = )
_ijl pjtjxj + p2
. — D T+
Z] 1$J+Zj —n1+1 L5 — PO
n
v.d.k. Zaijxj Z a,0, 1= 1,...,m1;
j=1
(hlj + hljy]>x] > 617 [ = 17 , T
j=1
OSl’jél,Oéngl, ]:1,,77,

Nhan xét. Dé thay tap chap nhan dudc ciia bai toan nay 1a tap 10i,
cac ham muc tiéu thanh phan déu c6 dang phan thic 16m nén theo Ménh

dé 1.2 n6 ching 1& cdc ham tya 16m chit. Vi vay bai toan phat biéu &
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trén co thé viét lai bai toan dudi dang t6i wu cuc tieu quy hoach da muc
tieu tua 10i chat.

o) Muc 2.2 tiép theo, ta xem xét moé hinh tong quét ctia bai toan quy

hoach da muc tiéu tya 16i chat.

2.2 Mo hinh toan hoc

Xét bai toan quy hoach da muc tiéu tua 16i chat nhu sau

Min f(x)

MOP
vdk zelX, (Q )

trong do:
o f:R" — RP Ia ham véc to tua 161 chat;
o X C R" 1a mot tap 16i compact khac rong.
Ta goi:
o X la tap chap nhan dugc ciia bai toan (QMOP);
o Y = f(X) la tap gia tri hay tap anh cia cta bai toan (QMOP).

Ta ky hicua >bvéia,bc R ,r >2néua; >b;,i=1,...,r.
Ta cling viét a > b khia; > b, i =1,...,r.

Mot phuong an chap nhan dudge Z dude goi 14 mot nghiem hitu hicu
(t.u., nghiém httu hiéu yéu) ctia bai toan (QMOP) néu khong ton tai
r € X sao cho f(Z) > f(x) va f(z) # f(x) (tu., f(Z) > f(z)). Tap tat
c& cac nghiém hitu hiéu, hitu hiéu yéu cia bai toan (QMOP) dugc ky
hieu lan luot 1a X va Xywg.

va tap gid tri hitu hiéu yéu ctia bai toan (QMOP).
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o = N oW A U@ =

Hinh 2.1: Vi du khong gian dnh trong truong hop hai muc tiéu. 2! vita 1a nghiem hitu
hiéu, vita la nghiém hitu hiéu yéu; 22 khong 1a nghiém hitu hiéu hay hitu hieu yéu; =3
14 nghiém hittu hiéu yéu nhung khong 1a nghiém httu hiéu.

Ta ky hieu R% 14 orthant duong ctia R? va ky hiéu intRE 14 phan trong
ctia n6. Cho tap @ C RP khac réng. Ky hieu lan lugt Min@Q va WMinQ
lan luot 1a tap tat ca diem hitu hieu va tap tat ca cac diém hitu hieu yéu
cua (), dugce dinh nghia nhu sau

MinQ = {¢"€ Q[ (¢"—R})NQ = {¢"}},
WMinQ = {¢" € Q| (¢" —intRE)NQ = 0}.

Theo cach dinh nghia nay va theo dinh nghia vé nghiém hitu hiéu ctia

bai toan (QMOP), dé thay
MinY =Yg va WMinY = Yy g.

Cho mot véc to 6 € RE. Theo nghia xap xi, Z duge goi 1a mot nghiém
hitu higu yéu #-xap xi ctia bai toan (QMOP) khi va chi khi khong ton tai
r € X nao sao cho f(Z)—6 > f(x). Tap tat ca cac nghiém hitu hiéu yéu
f-xap xi clia bai toan (QMOP) duge ky hicu 1a Xy. Ta goi Yy = f(Xy)
1a tap gia tri hitu hieu yéu #-xap xi ctia bai toan (QMOP).

Ta ciing dinh nghia tap tat ca cac diém hitu hieu yéu §-xap xi cho mot
tap khac rong (Q C RP nhu sau

va cling co
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WMin(Q, 0) = Y.

Viéc tiép can bai toan quy hoach da muc tiéu néi chung duya trén khai
niém nghiém hitu hiéu yéu xap xi trong nhiing nam gan day to ra rat
hiéu qua khi xem xét gidi quyét cac bai toan quy hoach da muc tiéu ca
161 va khong 161 (Xem [8] va [14]).

Theo hudéng tiép can nay, thay vi viéc xac dinh chinh xac tap tat ca
cac nghiem httu hicéu yéu Yiyg, ta sé giai bai toan (QMOP) bang cach
xac dinh mot tap nghiém hitu hieu yéu xap xi Yy clia bai toan nay véi

mot sai s6 6 cho truée.

Do cau truc ciia tap nghiém hitu hieu Xg va tap nghiém hitu hiéu yéu
Xwe cia bai toan (QMOP) thuong 1a khong 161, ¢6 cau tric phic tap,
khong thé mo ta tuong minh va bung noé khi kich thuée ciia bai toan
(bao gom sb chiéu khong gian quyét dinh, s6 chiéu khong gian anh va
s6 lugng rang buoc) tang len [5], nén viée giai bai toan theo hudng tiép
can trén khong gian quyét dinh (decision space), nghia la tim toan bo
hay mot phan Xz va Xy g, dude coi 1a rat kho khan. Vi Iy do d6, véi hi
vong lam gidm khoi luong tinh toan, nhiéu thuat toan da dugc dé xuat
theo hudng tiép can trén khong gian dnh (outcome space) (xem [8], [9]),
nghia 1a tim mot phan hay toan bo tap anh hitu hieu Yz v Yiyg. Uun
diém ctia phuong phap tiép can nay bao gom ba diém chinh sau (xem

[5]):

i) Thit nhat, khong gian &nh Yz va Yy g thuong c¢6 cau tric don gidn
hon va c6 s6 chidu nhé hon han khong gian quyét dinh Xz va Xy g.
Do vay, khoi luong tinh toan dé tim toan bo hodc mot phan Yy va
Y sé nhé hon nhiéu so v6i viéc tim mot phan hodc toan bo Xg

va XWE

ii) Thtt hai, trong thyc t&, nguoi dua ra quyét dinh (decision maker)
thuong Iya chon nghiém chii yéu dya trén khong gian anh Yz, Yive
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hon 14 trén khong gian quyét dinh Xz, Xyg.

iii) Thit ba, nhiéu diém trén khong gian quyét dinh c6 thé cho cling
mot anh trén khong gian anh. Do vay, viéc tiép can trén khong
gian anh c6 thé giam thiéu duge mot khéi lugng tinh toan du thita
khong can thiét trén khong gian quyét dinh Xg, Xy g, von co it ¥
nghia hodc khong c6 ¥ nghia déi véi nguoi ra quyét dinh.

Muc 2.4 sau day sé trinh bay mot phuong phép sinh cac diém hitu
hiéu yéu trén khong gian anh theo cach tiép can néi treén.

2.3 Dieu kién hitu hiéu

Muc nay nghién cttu tinh chat hitu hiéu va hitu hieu yéu ctia tap quyét
dinh. Muc dich 1a khi xét mot diém bat ky trén khong gian quyét dinh
z* € X, ta biét dudc z* c6 phai 1a mot nghiém hitu hieéu hay httu hieu
yéu hay khong. K§ thuat dugc st dung dé khao sat diéu kién hitu hieu
yeu trong muc nay la ki thuat cat theo tia trén khong gian anh.

Xét tap anh ctia bai toan (QMOP) la Y = f(X), ta dinh nghia

Yt =Y +R..
Ménh dé 2.1. Y+ =Y,

Chiing minh. Xét mot diem bat ky y € Yjj7; thi y € YT va luon ton tai
0 < 0 < sao cho hinh cau B;(y) tam y ban kinh § luoén chita mot diem
v <y, y ¢ Yt nénye Y.

Nguge lainéuy € Y. Gidstty ¢ Y;-p thiton taiy’ € y—intRENY'™.
Khi d6 ton tai hinh cau Bs(y) tam y ban kinh § > 0 sao cho Bs(y) C
y +RE C Y' mau thun véi dieu kién gid stt. Ta ¢6 diéu phai ching
minh. []
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Bé dé 2.1. Cho w la mot diém hiu hiéu yéu cia Y. Khi dé, néu ton
tai j €Y sao cho w > ¢ thi § la mot diém hiw hiéu yéu cia Y .
Chiing minh. Gia st ¢ khong phai 1a mot diem hitu hieu yéu ctia Y.

Khi do, ton tai y € Y sao cho y < 7.

DoY C Y™ nén ta cing c6 y € Y. Vi vay

yeyr,
y<y<sw

mau thuln véi diéu kién @ 14 mot diem hitu hiéu yéu cta Y.

Ta c6 bo dé duge chiing minh. O
Bo6 dé 2.2. Cho © la mot diém nam thuoc khong gian danh RP va mot
hudng d > 0. Khi dé, mot duong thang di qua U song song vdi d luéon
cdt bién cia Y tai mot diém duy nhat w. Hon nia, w la mot diém hitu

hiéu yéu cia Y.

Chiing minh. Do Y compact nén luon ton tai mot phép tinh tién sao
cho Y qua phép tinh tién d6 ndm tron trong RY. Vi vay, khong gidm
tinh tong quat, ta c6 thé gia thiét Y+ C intRE.
V6i v € RE | ¢6 hai truong hop xdy ra.
o Truong hgp 1: v ¢ Y. Ky hiéu
I+ ={o+td|t>0}
I3 tia xuat phat tit © theo huéng d. Theo [4], ta c6 I'" cit bien Y+
tai mot diém duy nhat w € Y.
o Truong hop 2: v € Y. Do Y C intR", nén Y+ khong chia tron
duong thang nao. Ky hieu
I'={o+td|teR}
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1a duong thing di qua o va song song véi d. Do Yt déng nen I'NY *
la tap dong. Dat
T={tecR|o+tde Y™}
Ky hiéu ¢y & gia tri téi vu clia bai toan
inft vdk teT ()

Theo tinh chat ctia phép chiéu IT : I' — R ta c6 T ciing 1a tap
doéng. Dé thay rang néu t € T va t' > t thi ¢ € T. Theo dinh
nghia, It = {o+td | t > 0} € Y*. Do d6, hodic ty = —oco hoic
to € T hitu han va ¢ty < 0. Néu ty) = —oo thi Y chia tron ca
duong thang I'. Diéu nay mau thuin véi sy kien Y+ khong chita
tron dudng thang nao va chiing t6 to < 0 phai 1& mot sé hitu han.
Khi d6, dat

~

W=7+ topd.
Dé dang chitng minh dude rang @ thuodc bien ctia Y. That vay,
theo dinh nghia, w € Y*. Hon nita, v6i moi 6 > 0, hinh cau Bs(w)
tam @ ban kinh 6 luon chita mot diém @ = v+1d € ', < ty khong
thuoc Y.

Theo B8 dé 2.1, ta ¢6 @ € Y. N

Nhan xét. Dé xac dinh w & B dé 2.2, ta chi can giai bai toan sau

(P%(2))

min t
vdk v4+tdeY™.

Ta c6 the viét lai Bai toan (P°(7)) dudi dang tuong minh nhu sau

min ¢
v.dk. flz)—v—td <0, (P'(v))
re X, teR.
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Bai toan trén noéi chung khong phai 1a mot quy hoach 16i. Ta 1ay mot

vi du sau day dé chi ra diéu nay.

Vi du 2.2. Xét (P'(v)) véi f(z) = /]z] xéc dinh tren S = [~1,1].
Chon d = 1,v=0.

Khi d6, bai toan (P1(7)) tuong ting c6 tap chap nhan duge 1a
X'={(z,t) | fl2)-t <0,z € S} ={(z,t) |z € [-1,1],¢ > 0, /2|t < 0}
khong phai 1a tap 16i. Vi vay, (P1(v)) khong phai 1a mot quy hoach 16i.

Dat t = max{w | j=1,...,p}, Ménh dé 2.2 sau khang dinh

J
viéc giai bai toan (P1(?)) tuong duong véi viée giai bai toan sau

fi(z)

. — v, .
min max{Tj |j=1,...,p} (P2(1)
v.dk zeX.
Ménh dé 2.2. (PY(v)) va (P%(v)) la hai bai todn tuong duong theo i
nghia, néu (x*,t*) la nghiém toi wu cia bai toan (PY(v)) thi x* la nghiém
ctia bai toan (P2(v)); nguoc lai, néu x* la nghiem toi wu va t* la gid tr
toi wu ctia bai todn (P2(0)) thi (z*,t*) la nghiém toi wu cia bai todn

(P'(9)).

Chitng minh. Goi (z*,t*) 1a nghiém ctia bai toan (P!(v)). Diéu kién chap

nhan dugde clia bai toan (P1(v)) c6 thé duge viét lai thanh

()

thax{%|j:1,...,p},x€X,t€R.
J

Gia st ton tai z € X sao cho max{w | j=1,....p} <
max{wuzl,...,p}. Détt:max{WU:l,...,p}
J j

thi (z,t) thuoc tap chap nhan dugc va cho gia tri ham muc tiéu cla
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bai todn (P1(7)) nhé hon gia tri muc tiéu t6i wu ¢* (mau thuan). Vi vay

Tt = min{max{w | j=1,...,p},x € X} la nghiem t6i wu cta

(P2(3)). :

Ngugc lai gid stt z* 1a nghiém t6i vu va t* 14 gia tri toi wu cltia bai toan
(P2(?)) thi
L) =% o v )
va r* € X nén (x*,t*) thudc tap éhép nhan dugc clia bai toan (P1(7)).
fi(@) — ; j=

t* = max{

Gia st ton tai x € Xt € R sao cho t* >t va t > max{

J
1,...,p} thi (x,t) thuoc tap chap nhan duge ciia bai toan (P?(v)) va cho

gia tri ham muc tiéu max{w |j=1,...,p} < t* (méau thuan).
J
Vi vay (z*,t*) 1a nghiém t6i wu clia bai toan (P1(7)) va ta c6 diéu phai

chiing minh. N

Meénh dé 2.3. (P%(v)) la mot quy hoach tua 107 chdt.

Chitng minh. Vi f; 1a ham tua 10i chat va cf Ovéimoi j=1,...,p,
nén tit Ménh dé 1.3 ta c6 ham s6 max{* filx C)Z Ui |7=1,...,p} 1a ham
tua 101 chat. ]

Theo Ménh dé 2.3 va Dinh 1y 1.2, bat k¥ nghiém tdéi vu dia phuong
nao clia (P?(9)) cling 14 nghiém t6i wu toan cuc. Vi vay, ta c6 thé giai
bai toan (P?(v)) bang cach ap dung mot phuong phéap gidi quy hoach 16i
thich hgp (xem [6], tr. 26).

Ménh dé 2.4. Diém z* € R" la nghiém hitu hiéu yéu cia bai todn
(QMORP) khi va chi khi gia tri toi wu t* ctia bai todn (P°(f(z*))) théa
man t* = 0.
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Chitng minh. Dat v* = f(z*) € RP. T Bb dé 2.2, trong trusng hop t*
nhan duge khi giai bai todn PO(v*), ta thiy w* = v* +t*d = v* = f(a*) €
Ywe. Do vay z* € XyE. ]

Nhan xét.

i) Ménh dé 2.4 cho phép kiém tra mot diém x* bat k¥ c6 phai 1a mot
nghiém hitu hi¢u yéu ctia bai toan (QMOP) hay khong béang cach

gidi mot bai toan quy hoach mot muc tiéu tya 16i chat;

ii) Néu gia tri t6i wu t* clia bai toan (P°(f(2*))) khac khong, thi
ta cling tim dugec mot nghiem hitu hieu yéu khac clia bai toan

(QMOP).

2.4 CAu tric tap nghiém ctia bai toan (QMOP)

Khi nghién ctu cac phuong phap tiép can dé giai cac bai toan t6i uu da
muc tieu n6i chung va cu thé 1a bai toan (QMOP) trong do 4n nay noéi
riéng, ngudi ta cling quan tam dén cau tric tap nghiém hitu hiéu va hitu
hiéu yéu clia cdc bai toan nay. Muc nay nghién cttu mot s6 tinh chat
quan trong clia cac tap nghiém d6 doéi véi bai toan (QMOP).

Dau tién ta xem xét mot bai toan quen thudc hon, trong truong hop
ham muc tieu trong bai toan (QMOP) 1a ham 16i, bai toan tuong ting 1a
bai toan quy hoach 16i da muc tiéu dugc phat biéu nhu sau

Min f(z)
vdk zelX,
trong d6 X la mot tap 16i compact khéc réng, f = (f1, fa, ... fp)' 1a

(CMOP)

cac ham 1oi trén X.
Dinh ly 2.1. (Xem [15], tr. 229) Tap nghiém hau hiéu X g va tap nghiém
hitu hieu yéu Xwg cla bai todn quy hoach 1ot da muc tieu (CMOP) la
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cac tap lién thong.

Dinh 1y 2.1 1a mot tinh chat kha tha vi va hitu dung vé tinh chat tap
nghiém hitu hieu va hitu hi¢u yéu ctia bai toan (CMOP). Ta nhan xét
rang mot nghiém hitu hiéu hosic hitu hiéu yéu nay chua chic thuoc bién

clia tap chap nhan duge X, nhu § vi du sau.

Vi du 2.3. Xét bai toan sau

Min f1<513') =T,
fo(z) = 22
vdk. ze[-1,1].
Do tap chap nhan duge X = [—1,1] 1a tap 16i va cac thanh phan

trong ham véc to muc tieu f = (f1, fo) déu 1a cac ham 16i nén day 1a
mot bai toan quy hoach 16i. O bai toan ta thay ton tai mot diém z¢ = 0,

1o € Xwg, dong thoi zg € Xg, tuy nhién z ¢ 0X.

Hinh 2.2: Phan mau xanh 12 minh hoa cho khong gian anh trong Vi du 2.3

Trén tap anh Y = f(X), ta ¢6 f(0) = (0,0) va f(1) = (1,1) thuodc
tap anh nhung diém (0.5,0,5) ndm trén doan ndi hai diém nay lai khong
thudc tap anh. Nhu vay, tap anh Y = f(X) trong bai toan quy hoach
161 da muc tieu (CMOP) néi chung khong phai la tap 16i.
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Tuy nhién, tap anh Y ctia n6 théa man Y+ 1a tap 16i. Dinh 1y sau day
chi ra mot tinh chat hitu dung va tha vi ctia tap anh bai toan (CMOP).

Dinh ly 2.2. (Xem [15], tr. 227) Cho Q C R? la mot compact khac rong
sao cho Q + RY. la tap 1oi. Khi do, tap diém hitu hieu Qp va tap diém
hiu hieu yéu Qwg la cdc tap lien thong.

Theo dinh nghia diém hitu hiéu yéu, d& thay trén khong gian anh,

cac diém thuoc hitu hiéu Yz hoac diém hitu hiéu yéu Yiyg ciia bai toan
(CMOP) thi ciing thuoc bién 9Y cia tap anh Y.

Ta cling xem xét cac tinh chat clia cac tap nghiem Xg, Xywe, Y, Yive
clia bai toan quy hoach da muc tieu tya 16i chat (QMOP).

Dinh 1y 2.3. Tap nghiém hitu hiéu yéu Xy va tap gid tri hitu hiéu yéu
Ywe cta bai toan (QMOP) la cdc tap compact khac rong nhung chua

chac da lién thong.

Chitng minh. Két qua nay duoc suy ra tryc tiép tit Dinh 1y 5.24[15], tr.
227. Do X la tap compact khéac rong, f la ham lién tuc nén Xy g va
Ywe 1a tap compact khéc rong. ]

Trong truong hgp ham muc tiéu 1& tya 16i chiit, néi chung tinh chat

161 ctia Y khong con duge dam bao nhu trong bai toan (CMOP). Sau

day 1a mot vi du chi ra diéu nay.

Vi du 2.4. Xét vi du sau
Min fl (QZ’) =,
fo(@) = /||
vdk ze[-1,1].
Dé thay tap chap nhan dudc X clia bai toan nay 1a tap 16i compact

khac réng, cac ham muc tieu fi(x), f2(x) 1a cac ham tya 16i chat (xem
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Viduy 1.1) nén day 1a mot bai toan quy hoach da muc tieu tya 16i chit.
Tuy nhien Y = {(y},¢?) € R? | —yt < 9%, —1 < y'} khong phai 1a tap
161 (xem Hinh 2.3).

Y+

Hinh 2.3: Hinh minh hoa cho Vi du 2.4. Phan mau xanh 13 phan minh hoa cho tap anh
Y = f(X). Phan mau d6 1a minh hoa cho tap Y.

Do c& ngay ¢ truong hop 10i, tap Xg va Xy g cia bai toan (CMOP)
cling khong cé tinh chat thuoc bién nén tap Xg va Xyg clia bai toan
(QMOP) hién nhién cfing khong dam béo tinh chat nay.

Do dinh nghia diém hitu hi¢u yéu, déi véi truong hop bai toan (QMOP),
ta van dé& dang ching minh trén khong gian anh tap céc diém httu hicu

Yr va tap cac diém hitu hiéu yéu Yiyp clia bai toan nay thudc bién.
Pinh 1y 2.4. Ta c6 cic khang dinh sau
i) YV c6 thit nguyén day di;
i) YT la tap chudan ddo;
i) Yy p la tap lien thong;
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Chitng minh. 1) Suy ra tryc tiép tit dinh nghia ctia Y.
ii) Cting theo dinh nghia tap Y7, rd rang véi moi y € Y thi y + R% €
Y+ nén theo Dinh nghia 1.6, ta c6 Y 1a mot tap chuan dao trong R?.
iii) Da duge ching minh & Dinh 1y 1[12], tr. 350. []
Tinh chat lien thong khong dang véi Y. Vi du sau day chi ra dieu
nay.
Vi du 2.5. Xét bai toan Min f5(z) = z, fo(z) = min{|z|, 1} trén tap
chap nhan dugec X = [-2,2]. Tt Vi du 1.5, ta chiing minh dugc day
14 mot bai toan quy hoach da muc tiéu tya 16i chat. Lac dé6 YEJr =
{(=2, 1)} Uu{(y,v?) e R? | y* = —y', —1 < y! < 0} khong phai 1a mot,

tap lién thong.
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Chuong 3

Thuat toan xap xi ngoai
giai bai toan (QMOP)

Trong chuong ndy, do an dua ra mot thuat toin xap xi ngoai cho tap
nghiéem hitu hiéu yéu tap gia tri ctia bai toan (QMOP). Muc 3.1 trinh
bay co sd Iy thuyét ciia thuat toan, dic biet 1a cich xay dung da hop
xuat phat va cach sinh cac diem hitu hitu hiéu yéu trén tap anh. Thuat
toan chi tiét duge dé xuat ¢ Muc 3.2. Tinh chat hoi tu ctia thuat toan
nay dugce chiing minh & Muc 3.3. Muc 3.4 dua ra nhiéu tinh toan thit

nghiém dé chiing minh tinh hiéu qua ctia thuat toan dudc dé xuét.

Tu nhitng nam 1960, nguoi ta da xay dung cac ki thuat nhim sinh
ra cac diém hitu hiéu va hitu hiéu yéu cho bai toan quy hoach da muc
tieu phi tuyén [7]. Tuy nhién, theo hiéu biét ctia tac gid do &n, trong
nhitng cong trinh nghién cttu do6, so6 luong cic cong trinh vé nhitng 16p
ham khong 16i con rat han ché. C6 thé ké dén chang han [7] xay dung
mot phuong phap sinh cac diém hitu hiéu cho bai toan quy hoach da
muc tiéu phan thic 16m, [17] da trinh bay mot ki thuat sinh cac diem
hitu hiéu yéu cho bai toan quy hoach da muc tiéu 16i suy rong véi truong

hop ham muc tieu 14 ham véc to gia 161 vo hudng.
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3.1 Co sé ly thuyét

Trong muc nay, ching toi trinh bay mot ki thuat sinh cac diém hitu hieu
yéu trén tap dnh ciia bai toan (QMOP).

Xét bai toan sau
min y;
vdk y=(y,vy9,. .,y €Y CRP.
Datl = (1,1, ...,1,)T, trong d6 [; 1a gid tri t6i vtu ctia bai toan (LB(i)).

(LB(7))

Ta cling xét bai toan sau

max ; ,
UB(z
vdk y=(y,vy9,.. .,y €Y CRP. (UB()
Dat v = uq,uo, ... ,up)T, trong do w; 1& gia tri t6i vu clia bai toan

(UB(7)).

Chon hai véc t0 b,d théa man b < < u < d, nhdclai YT =Y + RE.
Dat

B = [bd) = (b+R%)n(d—RY),

Yo = Yrn(d-RY).
R6 rang Y+ va Y° ¢6 diém trong va Y° C BY. Hon nita, ta c6 ménh

dé sau day.

Meénh dé 3.1. Néul € Y thi tap Yg chi chita moil va Y+ =1+ RE.

Chatng minh. Gia st [ € Y, khi d6 ta xét bat ky y € Y,y # [, ta c6
ley—RL
Yol#y

suy ra y ¢ Yg, hay Yg chi chia moi [.
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Ta di chiing minh Y =1+ R..

Xét tuy vy € Y + R%, suy ra ton tai ¢y’ € Y sao choy > v/,
Doy >Ilnény >1lhayyel+RE.

Nguge lai, xét y € [ + R
DoleY,suyral+R} CY +RE hayy € Y +RE.

Vay, YT =14 RE (diéu phai ching minh). O
Duéi day ta c6 mot vai tinh chat cia Y+ va Y (Xem them [5], [20]).
Bo6 dé 3.1. Vdi tap Y va Y duoe dinh nghia & trén, ta co:
Ywe =Yz NY =Y zNY.
Chiing minh. Ta chiing minh vé dau ctia Bo dé.
o Xét bat ky y € Yiyg. Theo dinh nghia diém hitu hiéu yéu ta c6
ngay y € Y.
Gia st ton tai y € Y sao cho ¢ < y.

Khi d6 ton tai y* € Y va u € RY sao cho ¢ = y* + u < y, suy ra

y* < y. Diéu nay mau thuan véi gia thiét y € Yiyg.
Vi vay khong ton tai y' € YT sao cho iy < y. N6i cach khac
y € Yy 5. Suy ra
o Nguoce lai, xét bat ky y € Y-z NY. Khi d6
yeYip (y —intRE)NY T =0
=
yey yey
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Do theo dinh nghia thi Y C Yt nén ta cing ¢6 (y—intRY )NY = 0,
neén

(y—intRL)NY =)

yey

Suy ra y € Y p nén

Yii,NY C Yiyg. (3.2)

Tit (3.1) va (3.2) ta c6 vé dau clia Bo dé duge chiing minh.

Dé thay khiy € Yiyg thi y < d nén két hop diéu nay ta dé dang ching
minh vé thit hai hoan toan tuong ty v6i chiing minh & trén. ]

Nhan xét. Cho mot diém o € BY niim ngoai Y+ va mot hudng d > 0.
Goi ¢ 1a nghiem t6i wu ctia bai toan (PY()) va dat @ = o + #d. Khi do,
v6i moi T € X sao cho f(z) <w thiy= f(z) € Ywg v& T € Xyg.

That vay, xét € X théa man f(z) < w. Khi do6
f(:i’)é@—l—fcz(:)max{w\jzl,...,p}gt_.
J

Vi vay, hién nhién Z 1a mot nghiém t6i uu clia bai todn (P?(v)).

Tu B6 dé 2.2, ta c6 w 1a mot diém hitu hiéu yéu cia Y.

Do gia thiét f(z) < w, két hop véi Bo dé 2.1, ta suy ra f(Z) 1a mot
diém hitu hiéu yéu ctia Y. Do d6 tit dinh nghia nghiém hitu hiéu yéu, ta

két luan 7 1a mot nghiém hitu hi¢u yéu ctia bai toan (QMOP).

Nhan xét trén da chi ra cach xac dinh mot diém hitu hiéu yéu ciia tap
Y+ va nghiém httu hiéu yéu tuong ting ctia bai toan (QMOP).
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3.2 Thuat toan giai bai toan quy hoach da
muc tiéu tua 16i chat

Xuat phat tit hop B = [b, d], ta xay dung mot diy cac da hop dao {B*}
sao cho

B'>B'>.--.o>BFO B 5. DY
Goi:

o V¥ 1a tap tat ca cac dinh chinh quy xéc dinh B*;
o FO la tap dinh xap xi ngoai ctia tap hitu hiéu yéu;

o EY la tap cac gia tri hitu hiéu yéu.

Ban dau, véi k =0 ta c6 VO = {b}, FO = () va EY = {).
O budc lap thit k, c6 hai truong hop xay ra:

a) V¥ C EO, hoac
b) Ton tai v* € V*\ EO.

Trong truong hgp dau tién, thuat toan két thuc. Trong truong hop
thit hai, ta gidi P2(v*) dé tim mot gia tri hitu hieu yéu mdi f(2¥) clia bai
toan (QMOP) va mot diém hitu hieu yéu w® = o* + ted clia Y, trong
dé6 cap (2F,t;) 1a nghiem t6i wu clia bai toan P?(vF). Néu o di gan
wk, ta bo sung no6 vao tap cac diém hitu hieu yéu xap xi ngoai, dé xay
dung tap xap xi ngoai hitu hiéu yéu cho Y°. Ngudc lai, ta xac dinh xap
xi tiép theo B¥! bang phuong phap xap xi ngoai bdi da hop dao. Véi

k du 16n, tat ca cac dinh ctia B¥ sé d gan véi Y° va thuat toan két thic.
Thuat toan Solve(QMOP):

Budc 0 (khdi tao). Chon € > 0 va tim cac diém [ v u bang cach giai
(LB(4)) va (UB(:)) v6i i = 1,...,p. Dat
BY = [b,d] vé6i b < [ va u < d.
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Xéc dinh tap VY va chon mot huéng d> 0. Dat EO =0, EY = () v&
k=0.

Budc 1. If V¥ C EO then Thuat toan dimg.
Else
Chon bat ky v* € V¥ \ EO va chuyén sang Budc 2.

Budc 2. Giai bai toan (P?(v*)) dé tim mot nghiém t6i wu 2 va gia tri
t61 uu ty. Dt

wh = Uk-|-tkci,
EY = EY U{f(z")}.
Bude 3. If ||w* — v*|| < e then
Dat FO = EO U {v*}
va quay lai Budc 1.
Else

o Xac dinh BF* va V1 biang cach cat B* béi (v* — intRY);
o Loai b6 cac dinh khong thudc hop [b, d];
o Loai bd cac dinh khong chinh quy bang thi tuc RIV(VEFL);
o bat k =k + 1 va quay lai Buéc 1.
Sau day 1a mo ta chi tiét thi tuc RIV(VEH) (xem [19)], tr. 473).
Thit tuc RIV(VFL oF wk):
Xét vF wh whi i =1,... pdbudclip tht k clia thuat toan Solve(QMOP).
Véi mdi w € VF\ {vF}:

If w > " vi w; < wl v6i ding mot ¢ thuoe tap {1,...,p}
(i.e., w; < Wk va w; > wf Vi #1)
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then Loai bé dinh w®.

Sau day la cach xac dinh cu thé cac diém b,d. V6i méi i € {1,...,p},
vi f; 1a tua 16i chat, nén theo Dinh 1y 1.2, bat ky nghiém téi uu dia
phuong nao ctia bai toan (LB(z)) cling 1a nghiém tdi wu toan cuc clia no.
Do vay, ta c6 the giai bai toan (LB(i)) bing cac phuong phap gidi quy
hoach 16i.

Dé thay bai toan (UB(7)) khong phai 13 mot quy hoach 16i. Tuy nhién,
ta c6 thé tim dugc mot can trén ciia f(X) ma khong can giai bai toan
(UB(7)). That vay, v6i moi j = 1,...,n, dit

z; =min{z; | x € X}.
Dat 20 = (21, 39,...,2,) VA
g =max{{e,x) | x € X},
trong d6 e € R" 1a véc to ¢ tat cad cac phan tit bang mot. Vi X 1a mot

tap 10i compact nén /3 1a gia tri toi wu clia mot bai toan quy hoach 16i va

B hitu han. V6i méi j = 1,2,...,n, goi 2/ = (&],43,...,2))T x4c dinh
béi
9, néu k # j
B = ks tp, néuk=j.

Ky higu S 1a mot don hinh vé6i tap dinh V(S) = {2° 2!,...,2"}. Ro
rang X C S. Do vay,

max{ fi(z) | x € X} < max{f;(x) |z € S}
Vi fi(z),i=1,...,p la tya 1oi chat va S 13 mot don hinh, ta c6
max{ fi(z) | x € S} = max{f;i(z) | x € V(9)}.
V6iméii=1,...,p, dat
y; = max{ fi(z) | z € V(S)}. (3.3)

Ty —

Khi d6,

g; > max{fi(zr) |z € X} =max{y; | y € Y}.
Suy ra g > u véi § = (41, .,9p)" -
Nhu vay, ta chon d 1a mot diém bat ky théa man d > 9.
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3.3 Su hoi tu cua thuat toan

Dinh nghia 3.1. Ta dinh nghia khoang cich Hausdorff gitta 2 tap déng
Qla QQ C R? la
h(Q1,Q2) = inf{t >0:Q1 C Q2 +1tU,,Qx C Q1 +1tU,}

- max{supvlte d(vln QQ)) Supv26Q2 d(v27 Ql)}7
trong d6: U, 1a khoi cau dong don vi trong R? va khoang cach tit mot

diém v dén mot tap Q C RE dugce tinh béi
40, Q) = inf [lo — o]l
YeR

Dat {Qr}7°, C R? lamot day céc tap dong khéac rong. Ta néi rang day
nay hoi tu vé mot tap dong @, ky hieu limy,_,, Qr = Q néu limy_,o M(Qr, Q) =
0.

Ta nhic lai ky hieu Y = f(X), YT =Y +RE vaY°=YTnN(d-RY).
B6 dé 3.2. Vii moiv e B°\Y® ta c6 d(v,YT) = d(v,Y?°).

Chamg minh. Xét khoadng cach tit mot diém v € B\ Y° dén tap Y. Ta

s

co
d(v,Y*) = min{d(v,y) |y € Y}
= min{d(v,y) |y < f(2),z € X}.
Do X compact nén bai toan trén luon c6 nghiém. Hay noi cach khac,
khoang cach tit v dén Y 1a hitu han, nén ton tai mot hinh cau déng
V-(v) tam v ban kinh r > 0 thdéa man

A
R = il 1y 3.4

S dv,Y") = du, YT NV, (v))
Xét mot tap chuan ddo compact Q khong chita v. Goi z* 14 hinh chiéu

ctia v len Q. Khi d6 ton tai mot hinh cau V.-, (v) tam v di qua 2*.
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Cid st 2* ¢ v+ R: thi ton tai mot didm 2 # 2*, 2% € z* + RY sao

cho
2 e It Vjj_y( (0).

Do @ la tap chuan nén ¥ € Q. Diéu gia sit 1a vo Iy do d(v, 2*) <
d(v, z*). Vi vay,

Zfev+RE (3.5)

Van xét mot tap chuan dao compact Q khong chita v. Véi mdi ¢ €
(v+RY) N Q, xét hinh cau Vjj,_,(v) tam v di qua y/'.

Viy' € v+ RE nén

& + RO\ Y N Vjyy(v) = 0.

Suy ra

d(v,y) > d(v,y"), Yy € y + RL.

Vi vay, d(v,y) 1a ham lién tuc, ting theo bién y trén mien (v+RE)NQ
nén theo Dinh 1y 1.3, gia tri cuc tiéu ctia né dat tai mot diém hitu hiéu
yéu clia mién nay. Xét Q =Y° va Q =Y NV, (v), két hgp véi (3.4) va
(3.5), ta c6

d(v,YT) = d(v,Y* N V,(v)) = i d
(v, Y7) = d(v, (W)= . mmin - (v,9)

= min d(v,y) = min d(v,y)
yeY pNVi(v)N(v+RY) yeY pNY NV, (0)N(v+RY)
= min d(v,y) = min d(v,y)
yeYw NV, (v)N(v+RY) yeYy pNY NV, (v)N(v+RY)
= min d(v,y) = d(v,Y?).
S 819
Ta c6 dieu phai chitng minh. O

B6 dé 3.3. 0 vong lap thi k cua thudt toan, goi w, la diém hitu hiéu
yéu thu duoc khi gidi (P*(v)) véiv € V*, th

h(B*,Y°) < max ||w, — v||.
veVk
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Chiing minh. Vi V¥ 1a tap tat ca cac dinh ctia B* nén theo Dinh nghia
1.9, ta co
max{d(v,Y°) | v € B*} = Eré%({max{d(v,}/o) |ve Nj(z)} )
Do ham d(v,Y*®) la ham 16i va N/ (z) 1a hinh hop (la mot tap 16i) nén
max{d(v,Y") |v e Nj(z)} = d(z,Y°).
Khi dé
h(B*,Y°) = max d(v,Y?) = max d(v,Y?).
Do w, € Yt v6i moi v € V¥, theo B dé 3.2, ta c6
maxd(v, Y*) = maxd(v, V") < max|jw, — v,

suy ra diéu phai ching minh. [
Bo dé 3.4. Ton tai mot diéem d' > d sao cho vdi moi v € B\ Y°, dieém
hitu hiéu yéu w, cia Y™ tim dugc bing cach gidi (P?(0)) ndm trong hop

b, d].

Chiing minh. Goi D(v) 1a tap chap nhan dugdc clia bai todn (P?(9)), t,
Ia gid tri t61 wu tim duge khi gidi bai toan (P2(v)) va ¢ 1 gi tri t6i wu
tim dugc khi gidi bai toan (P?(b)). Su ton tai ctia hai gia tri ¢, va t, da

dugc chiing minh & Bo dé 2.2.

Khi d6, véi mdi (z,t) € D(b) vav € B\ Y?, ta c6
fla) <b+td <v+td.
Do vay, (z,t) € D(v) va t, < t, theo Bb dé 2.2, ta c6
b<w,=v+t,d<v+td<d+tyd
Suy ra tap tat ca w,,v € B\ V°, dugc chita trong hop [b, d'], trong
d6 d' = d + tyd. 0

95



BS dé 3.5. Cho w, = v + td vdi t la gid tri t6i wu thu duge khi gidi
(PX(v)) vdi méi v € VF. Vi e = 0, mot trong hai ménh dé sau théa

man:
i) Ton tai k > 0 nao dé sao cho

max ||w, — v|| = 0,
veVk

ii)
R Tl el =0
Chitng minh. Ta xét hop B® = [b,d], v6i d' = d + tyd x4c dinh nhu
trong phan chiing minh ctia B4 dé 3.4. O buéc lap thi k, khi x4c dinh
da hop ddo B*! trong hop [b, d], bing cach tuong tu ta ciing dé& dang xac
dinh B*+1 13 mot da hop dao trong hop [b, d'] ¢6 tap dinh la VEHL = kL

Dé thay B C B¥ va B¥! C B* v6i k > 0. Theo Bé dé 3.4, w, € BF,

v6i mdi v € BF\ Y°.

Xét v* € B¥ & vong lap thtt k. Do cach dinh nghia wy, ta cé
[v*, w,] C BY.
Hon nita, do cach xac dinh B+,
(wpr — intRY) N B¥1 = ¢,

Suy ra
int[vF, w,] € BF\ B
Vi vay nén thé tich clia B* théa man

VolB¥ — Vol BF*! > Vol[vF | w,s]. (3.6)

wye — V* = tyd,
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suy ra
Vol[v*, w] = ()?Vol[0, d). (3.7)

Néu max,cy+ ||w, — v|| > 0 v6i moi k > 0, ta chon v* € V¥ sao cho

‘Il =

l|w,r — v max||w, — v||,
eVk

va st dung (3.6), (3.7), ta thu dugc
VolB > VolB? — VolBH!1 = S (VolB' — Vol Bi+1)

> Vol w] = (XE()7) Vollo,d)

v6i moi k > 1. Cho k — o0, ta ¢6

Vol B /Vol[0,d] > ) ~(t;)?

1=0

Do vay, chudi duong > .- (¢;)? hoi tu, nén
0= lim ¢, = lim —va i !

i—00 i—00 ‘ |d| |

Vi ||d|| > 0 bi chan, nen véi moi i > 1, ta ¢6

0 = lim ||Jw, — v'|| = lim max||w, — v||.
1—00 1—00 peVi
Ta c6 diéu phai chitng minh. O

Dinh ly 3.1. Vdi mot € > 0 cho trude, cdc tap BF k>0 trong Thudt
toan Solve(QQMOP) thoa man
Y° C B¥! C B
Hon nita, véi e =0 ta co

— 1 k

Chiing minh. Ap dung B6 dé 3.3 va B8 dé 3.5 ta thu duge
lim h(B*,Y*°) < lim maXHwU — || =0,
k—r00 k—r00

nén {B*}1>0 hoi tu vé Y°. Phan thu nhat cua Dinh 1y da duoc ching

minh.
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Phuong trinh limy,_,., B* = Ni1 BF hién nhién do Y° C B¥! C B*,
Ta con phai ching minh phuong trinh thia 2. Ta c¢6
Yivp =0Y N (d—REL), (3.8)

trong do, Y ' 1a bién cia Y.

Ap dung phuong trinh nay véi B*, ta c6
Bl p = 0B n(d—RE) C B, (3.9)
trong d6 B*" = B* + RE. Hon nita, vi Y™ C B*" suy ra
h(OB" N (d—RY),0Y " N (d —RY))
= max{d(v,0Y " N (d—R")) | v € dB"" n(d—RY)}.
Theo B6 dé 3.2, véi mdi v nam trong hop [b, d] khong thuoc Y°, ta c6
d(v,Y°) =d(v,Y") =d(v,0Y") = d(v,0Y " N (d — RY))
= h(OB" N (d—RY), oY N (d—RE)) < max d(v,Y?).
Tt phuong trinh thi nhét, va phuong trinh (3.8), (3.9) = limy_,, Bl 5 =

Yy - Ta c¢6 diéu phai ching minh. O

Dinh nghia 3.2. Véitap FY va EO thu dugce bdi Thuat toan Solve(QMOP),
ky hiéu
Y™ .= NY(EY)
va
you .= N%(EO) = B,

trong d6 K 1a chi s6 vong lap cudi cliing clia thuat toan va Nj(Q) =
(Q +RE) N (d — RE) 1a bao chuan dio ctia Q.

Nhan xét. R6 rang cac tap Y™ va Y°“ lan lugt cho ta cac xap xi
trong va ngoai ciia Y°, cac diém hitu hieu yéu thu duoge la cac diém hitu
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hiéu yeu xap xi ctia Y°.

Nhéc lai rang véi 0 € RE, X 1a tap tat cd cac nghiém hitu hiéu yéu
f-xap xi clia bai toan (QMOP). Khi d6 ta c6 dang thiic sau

Xp= J{reX|flx) <y}
jevy
Xét € > 0 cho trude. Gia st thuat toan dung lai 6 buée lap thi K. Ta
c6 tinh chat sau ctia Y va Yo,
Dinh 1y 3.2. Dat 0 = e, trong dé e € R? la véc to cé tat cd cdc phan

ti bang mot. Gid thiét thudt todn ding ¢ vong lap thit K, ta cé:
o Yin Cye C yout,
o Yo CYPNY° C Yy,
o Yify C Yy

Chimg minh. Ta c6 i) hién nhién.
Dé chitng minh ii), do thuat toan ditng & budc lap thi K, theo Dinh
Iy 3.1, ta co
you = BE Cy° + el,.

Do do, v6i y € Yy, ta co

[(y —ee) —intRE] N BY C [(y —ee) — intRY] N (Y + eU)p)
C [(y—ee) — intRE] N (Y° —ce + RE)
C [y—intRE|NY? =19,

=y € Y'Hout.

Hon nita, véi y € Y°NY°. Theo dinh nghia, [(y—ee)—intRE JNB* = 0,
nén [(y —ee) —intRE]NY®* =0 vi Y° C BE suyrayeYy.
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Véi cach chitng minh nay, hoan toan tuong tu ta thu dugc meénh dé
iii). 0

Dua trén xap xi ngoai ctia Y°, ta c6 thé xay dung dudc mot xap xi
clia tap nghiém httu hiéu yéu cho bai toan (QMOP) nhu sau

EX= |J{zeX]|fx)<y}
yey'eout
Sau day ta chi ra tinh chat hoi tu ctia thuat toan trén khong gian

quyét dinh.

Meénh dé 3.2. Cho trudc mot € > 0, Thuat toin Solve(QMOP) ding

lai sau mot s6 hitu han cdc bude lap va sinh ra Xwy C EX C Xp.

Chaing minh. Cho e > 0. Do B6 dé 3.5, ton tai K > 0 sao cho ||w,—v|| <
e v6i moi v € VE. Do do, thuat toan sé dung lai tai vong lap d6. Hon
nita, vi © € Xwg khi va chi khi f(z) <y véi y € Yiig, ta suy ra tir (ii)
(Dinh 1y 3.2)

XweC J{zeX|f@<prc |J {reX|flx)<y}=EX

€Y vR geyunye
Hon nita, tit cach dinh nghia Xy, ta c6 EX C Xy. Vi vay, Xyp C
EX C Xy. Ta c6 diéu phai chitng minh. O
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3.4 Thu nghiém tinh toan

Trong chuong nay, ta dua ra mot sé vi du dé minh hoa cho Thuat toan
Solve(QMOP) dé xuat & Chuong 3. O vi du dau tien, ta xét mot bai
toén quy hoach da muc tieu phan thic 16i duge 14y tix [7]. O Vi du 3.2,
ta xét mot bai toan quy hoach 161 3 muc tieu, duge trich tur [17]. O Vi
du 3.3, ta xét mot bai toan quy hoach phan thic tuyén tinh.

Cac két qua trong Vi du 3.1 — 3.3 dudgc cai dat trén laptop Macbook
Pro 2016 2GHz Intel Core i5, RAM 8 GB, thuat toan dugc viét trén
Matlab R2016a.

Vi du 3.1. Xét bai toan (QMOP) sau

. T +1
M =
m fl(x) _33%_’_31'1 —x%—{—35€2—|—3-507
fQ(Q;) _ 1 1 2 2 ’

Ho)
v.dk. z1,19 €R,

211 + T9 < 6,
3r1 + 2o < 8,
T1 — X2 < 1
T1, Lo > 1

Dé thay fi(z) va fa(x) déu la cAc ham phan thitc 16i, tap chap nhan
ducce 1a mot tap 161 da dién nén bai toan trén 1a mot quy hoach da muc

tiéu tua 16i chit.

Véie=0.1,d= (1,1), thuat toan ding lai sau 19 vong lap. Ta thu
duge tap EO gom 19 diém hitu hiéu yéu xap xi ngoai va tap EY bao

gdm 19 diém hitu hieu yéu. Két qua tinh toan duge thé hien ¢ Hinh 3.1.
Ta so sanh két qua tinh toan vdéi cac gia tri € khac nhau trong Bang
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3.1, trong d6 T, V, C lan lugt 1a thoi gian tinh toan trung binh véi 5 lan
chay (giay), sb6 lugng diém hitu hiéu yéu tuong ting v6i tap dinh ctia Y
va 56 luong da hop ddo xap xi ngoai tuong ting véi cac dinh ctia YU,

Bang 3.1: Két qua tinh todn 6 Vi du 3.1

€ T Vv C
0.1 1.570279 19 10
0.05 2.254596 55 28
0.02 3.019744 110 55
0.01 3.863708 170 84
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Hinh 3.1: Phan b clia cdc diém hitu hiéu yéu trén tap anh trong Vi du 3.1 trong
truong hop e = 0.1,0.05,0.02,0.01. Cac diém mau tim ky hiéu cho cac dinh trong tap
V*, cac diém mau den k¥ hiéu cho cac diém hitu hieu yéu tim duge trén tap anh. Hai
diém ky hiéu hinh sao mau dé trong hinh 1a hai diém hitu hiéu yéu duge tim ra bing
thuat toan giai quy hoach tich 6 [7].
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Bang 3.2: Két qua tinh toan ¢ Vi du 3.2

€ T V C
2400 1.832126 22 14
1200 4.163828 163 103
600 150.701176 1176 737

Vi du 3.2. Ta xét bai toan (QMOP) sau

Min fi(z) = 22 + 23+ 23 + 102y — 1203,
fo(z) = 2% + 23+ 23 + 80x; — 448z + 80z3,
f3(x) = x}+ 23+ 2% + 44821 + 805 + 803

vidk. z?+ 23+ 23

0

0

0

O bude khéi tao, ta tim duge | = (—1100, —4380, —4380) bang cach

IA

100,
I < 107

L2 S 107

IA A

IA

giai cac quy hoach 161 (P(7)), ¢+ € {1,2,3}. Nhu da deé cap ¢ chuong 3,
thay vi tim wu, ta tim g = (473.2051, 1685.6406, 1685.6406).

bat b = (—1110, —4390, —4390) < I, d = (2000, 2000, 2000) > 7,

va chon mot huéng duong d = (0.2,1,1) > 0.

Ta so sanh két qua tinh toan vdéi cac gia tri € khac nhau trong Bang
3.2, trong d6 T, V, C dugc hiéu giéng nhu trong Bang 3.1. Tap cac dinh

hitu hiéu yéu tim dudce dude thé hien ¢ Hinh 3.2.
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Hinh 3.2: Phan b6 ciia céc diem hitu hiéu yéu trén tap anh trong Vi du 3.2 trong trudng
hop ¢ lan lugt 1a 2400 va 600. Céc diem mau tim ky hiéu cho céc dinh trong tap V¥,
cac diém mau den ky hiéu cho cac diém hitu hieu yéu tim duge trén tap anh.

Vi du 3.3. Xét bai toan (QMOP) sau

: —I1
Min fi(z) = 1o,
fo(z) = —xglxi ;22?3
v.dk. z1,29 €R

1 —2x9 <2,

—x1 — 219 < —2,
—r1+xe <1

T < 0.

O bude khdi tao, ta tim duge | = (—1,—1) bing cach gidi cac quy
hoach 161 (LB(z2)), i € {1,2}, bing cach giai UB(¢) ta tim dugc § =
(0,2.6).

Dit b= (=2, —4) < ,d = (0,2.6) > ¢, va chon d = (1,1) > 0.

Ta so sanh két qua tinh toan vdéi cac gia tri € khac nhau trong Bang

3.3, trong dé T, V, C' dudc hiéu giéng nhu trong Bang 3.1. Tap cac dinh
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hitu hiéu yéu duge thé hien ¢ Hinh 3.3.

2 2
150 15

1 waf
05 05}y

%

0 0
05 05 /

1 ! oY ¥

1 08 06 04 02 0 02 -08 06 04 02 0 02

)
02

Hinh 3.3: Phan b6 ciia cac diém hitu hiéu yéu trén tap anh trong Vi du 3.3 véi ¢ =
1,0.5,0.1,0.05
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Bang 3.3: Két qua tinh toan & Vi du 3.3

€ T V C
0.1 1.832126 35 18
0.05 2.136981 67 34
0.025 2.845096 117 59
0.0125 2.845096 231 116
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Chuong 4

Bai toan quy hoach tich
tua 16i chat (QMP)

Dira trén mdi quan hé giita hai bai toan quy hoach da muc tiéu tiya 1oi
chat va bai toan quy hoach tich tuong tng, chuong nay dé xuat mot
thuat toan xap xi ngoai trén khong gian anh dé giai bai toan quy hoach
tich tya 16i chat. Thuat toan nay dude xay dung nhu mot ing dung ciia
thuat toan xap xi ngoai bang da hop déo Solve(QMOP) da dua ra &
Chuong 3 dé gidi bai toan quy hoach da muc tiéu tya 16i chat (QMOP).

4.1 Phat biéu bai toan

Bai toan quy hoach tich twa 16i chit duge phat biéu nhu sau

P
min || fi(z), vdk zeX, (QMP)
j=1
trong do:
o fi:R" = R,i=1,...,pla cac ham tya 16i chat;
o X C R" 1a mot tap 1oi compact khac rong.
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Nhu thuong l¢, bai toan (QMP) dugc nghién cttu véi gia thiét
fi@)>0,j=1,2,....p, Yz € X. (%)
Day 14 mot 16p bai toan téi uu toan cuc khé va tha vi nén da thu
hit sy quan tam dac biét ctia nhiéu tac gid. N6 c6 lien quan chat ché
v6i bai toan tdi wu trén tap hitu hiéu va c6 nhiéu dng dung quan trong
trong cac linh vic khac nhau nhu kinh té tai chinh, t6i wu hoéa quy
trinh sdn xuat, t6i wu danh muc dau tu, thiét ké chip VLSI,.... Day
la bai toan NP-khé, ngay ca trong truong hop p = 2 va X la mot tap
16i da dién khac réng. Hién tai da c6 kha nhiéu cac giai thuat dé giai
bai toan (QMP). Hau hét trong s6 d6 chi xét truong hop X 1a mot tap
16 da dién va ham muc tiéu trong d6 f; 1a tuyén tinh, mot s6 khéc
xtt 1§ v6i bai toan ham muc tiéu 1a ham 16i. Cho dén thoi diem hien
tai, c6 kha it cong trinh duge xay dung dé gidi trong trusng hop ham
muc tiéu 1a phi tuyén. Trong chuong nay, ta sé dé xuat mot ky thuat
xap xi ngoai dya trén Thuat toan Solve(QMOP) dé giai bai toan (QMP).

Xét bai toan tuong duong véi (QMP) sau:
p
ming(y) = [[v,  vdkyey, (QMPy)
=1
trong do Y = f(X). j
Bo dé 4.1. Gid tri toi wu ciia bai todn (QMP) va bai todn (QMPy ) la
bang nhau. Hon nda, néu y* la mot nghiém toi wu toan cuc cta bai todn

(QMPy ), thi y* € Yivg va moi x* € X sao cho f(z*) < y* la mot nghiém
toi wu toan cuc cia bai todn (QMP).
Bo dé trén 1a he qua tryc tiép tit dinh nghia ciia (QMP) va (QMPy).
Nhic lai réng, Y =YV +RE, B = [b,d] va Y° =Y N (d—RY).
Theo gia thiét (*), suy ra Yt C intRE. Trong thuat toan xap xi ngoai

Solve(QMOP), tit buée khéi tao B® dén khi xay dung day da hop dao
{B*}, ngoai viéc xay dung dugc tap xap xi ngoai, ta con c6 thé xac dinh
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dugc hai day céc can trén va can dudi cho (QMPy ). Tit d6 ta c6 thé xay
dung mot thuat todn xap xi ngoai dé tim dugc gia tri t6i wu xap xi cho
bai toan (QMP).

Chon ¢ 1a mot s6 duong nho. Xét § € Yipp C Y. RO rang a = ¢(7)
13 mot can trén cho bai toan (QMPy). Diém § dudc goi 1a mot nghiem
e-toi uwu cho bai toan (QMPy) néu ton tai mot can dudi 3 cho bai toan
trén sao cho @ — f < e. Tt B dé 4.1, néu ton tai mot diém Z thoa
méan f(z) < g, trong d6 i 1a mot nghiém t6i wu e-xap xi cho bai toan
(QMPy ), thi n6 1a mot nghiem e-t6i wu cho bai toan (QMP).

Ta c6 the xac dinh can trén va can dudi cho bai todn (QMPy ) khi tim
duge da hop dao xap xi B* 6 vong lap thit k& nhu sau

o Can dudi. O vong liap tht k, vi B¥ D Y° DY, ta c6 thé xac dinh

can dudi £ nhu sau

8 =min{p(y) : y € B*}.
Hon nita, vi ham ¢(y) 1a lién tuc, don diéu tang nén theo Dinh 1y
1.4, dé tinh By, ta chi can xét cac gia tri cia ham o tai cac dinh
chinh quy ctia B, nghia la

Br = min{p(y) 1y € V')
Cht ¥ rang day {5} 14 khong giam vi B**! C B,

o Can tréen. Tap Y™ := NJ(EY), trong d6 FY dugc xay dung &
Buée 2 ciia Thuat toan Solve(QMOP), 13 mot xap xi trong cla
Y°. Do do, 6 vong ldp thit &, vi ham ¢(y) 1a lién tuc, don diéu tang
nén

ap = min{p(y) :y € Y} = min{p(y) : y € EY'}
sé cho mot can trén cia (QMPy). Ro rang day {ay} la khong tang
vi & moi vong lap céc diém méi duge them vao EY trudc khi thuat
toan dung.
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4.2 Thuat toan xap xi ngoai giai bai toan
(QMP)

Du6i day ma mo ta thuat toan giai bai toan (QMP) dya trén thuat toan
Solve(QQMOP).

Thuat toan Solve(QMP):

Budc 0 (khdi tao). Chon € > 0 va d > 0. Xac dinh hai diém b,d. Dat
BY =0 va V= {b}.
Dit ap = ¢(d) (can trén dau tien), FY = () and k = 1.

Budc 1. Xac dinh gia tri t6i wu S = min{p(y) : y € V*} tuong ting
v6i mot nghiem t6i wu v* € V¥ (sao cho B = p(vF)).

Bude 2. Giai bai toan (P(v*)) dé tim mot nghiém t6i wu (zF, 7).

Dat v* = f(2F), w* = v* 4+ tzd va EY = EY U {¢*}. Tinh toan

of = min{y(y) : y € EY'} tuong ting v6i §* € EY sao cho a; = ¢(i*).

Budc 3. If of — ¥ < ¢ then Thuat toan dimg. Khi d6, ¢* 1a mot
nghiém e-xap xi cho bai toan (QMPy) tuong ting véi ¥ 14 mot nghiem
e-xap xi cho bai toan (QMP).

Else,
o Xac dinh B** va VFL bang cach cat B béi (v* — intRY);
¢ Loai b6 cac dinh khong thudc hop [b, d];
o Loai bd cac dinh khong chinh quy bang thi tuc RIV(VFFL);

o Dat k =k + 1 va quay lai Buédc 1.

71



Trong d6 thu tuc RIV(VFH) da duge trinh bay ¢ Muc 3.2.

Duéi day ta xem xét tinh hoi tu cta thuat toan trén.

Dinh 1y 4.1. Néu ¢ > 0, thudt toan sé dung lai sau mot so vong ldap
hitu han va ta thu dugc mot nghiém e-xdap xi cho bai toan (QMPy ). Néu

e =0, mot trong hai khang dinh sau day la ding:

i) Thudt todn dung lai sau mot so budc lap h@u han va cho ta mot

nghiém to1 wu chinh zdc cho bai todn (QMPy );

i) Thudt todn sinh ra mot chudi {§*} sao cho {o(y*)} hoi tu vé gid
tri toi wu cia bai toan (QMPy ).

Ching minh. Truéce tién ta xét truong hop € > 0. Theo cach xac dinh
cac can oy va [, ta co
0 < o — B = 9(y") — o(v") < o(y") — o(v").
Do ¢ 1a ham ting va y* < wF, ta suy ra
0 < ap— B < p(w") — (")

Do ¢ lién tuc, ap dung Bé dé 3.5, dé tim mot k£ > 0 nao dé sao cho
o(w*) — p(v*) < e. D& thay thuat toan ding & vong lap thit k va 7* 1a
mot nghiém e-xap xi clia bai toan (QMPy).

Trong truong hop € = 0 néu thuat toan dimg lai & vong lap thi k véi
k < 0 nao do, thi p(7*) — p(v¥) = 0, suy ra 7* la mot nghiém t6i vu clia
bai toan (QMPy). Néu thuat toan khong ditng lai, do B dé 3.5, day
{o(7*) — p(v¥)} hai tu vé 0, suy ra limy_, @(7%) = limy_o @(v¥). Do dé
day {o(7*)} hoi tu vé nghiem t6i wu ctia (QMPy). Dinh 1y dugc chiing
minh. ]
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4.3 Thu nghiém tinh toan

Vi du 4.1. Xét bai toan quy hoach tich sau

min f1(z)fo(z)

v.d.k. Ax <b,
trong do
. .%'1—|—1 _x%—2$1+$%—8x2+2000
hiw) = —x2 4 3x1 — 25 + 319 + 3.50° fa(w) = To ’
va

(2 1) [ 6 )

3 1 8
A= 1 -1 |,b= 1

-1 0 —1

\ o)\
Dé thay fi(x), f2(z) 1a cac ham phan thic 161, nhan gia tri duong trén

tap chap nhan dugc; tap chap nhan dudc 1a tap 16i da dién nén ta cé the

4p dung thuat toan Solve(QMP) dé tim nghiém clia bai toan nay.
Buéc khai tao.
Dit ¢ = 0.1. Giai (LB(i)), i € {1,2}, ta thu dugc [ = (0.2581, 0.7500).
Pit b = (0.0581,0.0500) < 1, d = (1.0581,0.9500) > §j va d = (1,1). Dt
BY =0 va vV’ = {b}.

Vong lap k = 0.
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Bang 4.1: Két qua tinh todn & Vi du 4.1

yk:

Qg

B

ar — B

(0.8089, 0.8009)

0.647829

0.002903

0.644926

(1.3333, 0.7500)

0.647829

0.040446

0.607383

(0.4074, 1.1502)

0.468535

0.046501

0.422033

(0.5342, 0.9277)

0.468535

0.326241

0.142293

4 (0.4770, 0.9973) 0.468535 0.377918 0.090616

Budc 1. Xac dinh gia tri t6i wu By = min{p(y),y € V'} = 0.0029 va
nghiém to6i wu v° = (0.0581,0.0500).

Budc 2. Giai (P(vY)), ta thu duge nghiém toi wu

(z°,t) = (1.0000, 3.7973,0.7509).

Khi do, y° := f(z°) = (0.8089,0.8009), w’ = (0.8089, 0.8009) vi EY =
{y}. Tinh dugc ap = p(y°) = 0.6478 va 3° = ¢,

Budc 3. Vi By — ap = 0.644926 > 0.1, nén dat

Vi= (VO YU {0 — (w) —o)esi=1,...

P Y p | wi € [b,dl},
Thuat toan dimg sau 5 buéc lip. Nghiém e-xap xi ctia (QMPy) 1a

y* = (0.4770,0.9973) tuong tng véi nghiem téi wu ctia (QMP) la 7t =

(1.0000, 3.1854) va gia tri e-xap xi 1a p(y?) = 0.4686. Két qua tinh toan

cho timg buée lip ducce thé hien ¢ Bang 4.1.
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Két luan chung

Do an nay nghién ctu bai toan quy hoach da muc tiéu tua 16i chit
(QMOP), cting véi bai toan toi uwu toan cuc quan trong lién quan gan
giii véi bai toan (QMOP) 1a bai toan quy hoach tich va dé xuat cac thuat

toan mdéi giai cac bai toan nay.

Chuong 1 da trinh bay mot s6 khai niém co sd vé cac 16p ham, nhu
ham tira 161, ham tya 16m, ham tua 10i chat, ham phan thic 16i, . .. cing
nhiéu vi du minh hoa va tinh chat quan trong. Cac khai niém vé tap
chuan, tap chuan dao, da hop, da hop dao da dugc trinh bay é Muc 1.3

cting nhiéu tinh chat tha vi lien quan.

Chuong 2 khio sat mot vi du trong thiuc té can gidi quyét bai toan
quy hoach da muc tieu tua 16i chit vé mo hinh téi vu danh muc dau
tu trai phiéu duge dé xuat bdi [11]. O Muc 2.2, chiing toi gi6i thieu mo
hinh toan hoc ciia bai toan quy hoach da muc tiéu tya 16i chat ciing mot
s6 khai niem va két qua co ban lien quan. Chuong nay ciing dua ra diéu
kien cho phép nhan biét cdc nghiém httu hiéu yéu ctia bai toan (QMOP)
va khéo sat cac cau tric tap nghiém hitu hiéu, nghiém httu hiéu yéu, gia

tri hitu hiéu va tap gia tri httu hiéu yéu ctia bai toan noéi trén.

Chuong 3 da dé xuat mdéi mot thuat toan xap xi ngoai giai bai toan
quy hoach da muc tiéu tya 16i chat (QMOP) stt dung da hop dao trén
khong gian anh dé xéc dinh tap nghiém hitu hiéu yéu f-xap xi clia bai
toan (QMOP). Tinh hoi tu ctia thuat toan cting da dugce ching minh
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day di. Dé minh hoa, Muc 3.4 dua ra nhiéu tinh toadn thit nghiem giai
s6 cac bai toan (QMOP) cu the.

Trong Chuong 4, ching t6i nghién citu bai toan quy hoach tich cac
ham tya 161 chat trén tap 161 (QMP) va dé xuat thuat toan véi ky thuat
xap xi ngoai bang da hop dao dé gidi mot bai toan tuong ting (QMPy)
tréen khong gian anh. Thuat toan nay ducc xay dung dya vao moi quan
he gitta nghiém t6i wu clia bai toan (QMPy) va tap gid tri hitu hieu
yéu Yy clia bai toan (QMOP). Khi thuat toan két thic, ta nhan duge
nghiém t6i wu clia cd hai bai toan (QMP) va (QMPy). Tiép theo, tinh
hoi tu ciia thuat toan duge ching minh. Mot vi du s6 tinh toan thi
nghiém dudc trinh bay qua tiing buéc nham minh hoa tinh hiéu qua cia

thuat toan.

Mac dit da nd hyc hét stc, tuy nhién trong khoang thoi gian cho phép,
viéc nghién cttu va trinh bay khong thé tranh khéi nham 1an thiéu sét,
t6i mong nhan dudc su gitp dé dong gop clia thay co va ban be dé do
an dugc hoan thién hon.

Xin tran trong cam on!

Hé Noi, ngay 07/06/2017
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